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SMOOTH AND PROPER NONCOMMUTATIVE SCHEMES AND
GLUING OF DG CATEGORIES
DMITRI ORLOV
To my wife Maria with thankfulness and love
Abstract. In this paper we discuss different properties of noncommutative schemes over a field.
We define a noncommutative scheme as a differential graded category of a special type. We study
regularity, smoothness and properness for noncommutative schemes. Admissible subcategories of
categories of perfect complexes on smooth projective schemes provide natural examples of smooth
and proper noncommutative schemes that are called geometric noncommutative schemes. In this
paper we show that the world of all geometric noncommutative schemes is closed under an operation
of a gluing of differential graded categories via bimodules. As a consequence of the main theorem
we obtain that for any finite dimensional algebra with separable semisimple part the category of
perfect complexes over it is equivalent to a full subcategory of the category of perfect complexes
on a smooth projective scheme. Moreover, if the algebra has finite global dimension, then the full
subcategory is admissible. We also provide a construction of a smooth projective scheme that admits a
full exceptional collection and contains as a subcollection an exceptional collection given in advance.
As another application of the main theorem we obtain, in characteristic 0, an existence of a full
embedding for the category of perfect complexes on any proper scheme to the category of perfect
complexes on a smooth projective scheme.
Introduction
One of the main approaches to noncommutative geometry is to consider categories of sheaves on
varieties instead of varieties themselves. In algebraic geometry only quasi-coherent sheaves represent
well the algebraic structure of a variety and do not depend on a topology. Besides, homological
algebra convinces to consider derived categories whenever we meet an abelian category. Thus, instead
of schemes one may consider derived versions of categories of quasi-coherent sheaves and triangulated
category of perfect complexes that are compact objects therein. This approach is very powerful.
Let X be a scheme over a field k. Studying schemes it is natural to consider the unbounded
derived category of quasi-coherent sheaves DpQcohXq and the unbounded derived category of
complexes of OX –modules with quasi-coherent cohomology DQcohpXq. Fortunately, and it is well
known and proved in [BN], for a quasi-compact and separated scheme X the canonical functor
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2DpQcohXq Ñ DQcohpXq is an equivalence. Moreover, it was shown in [Ne2] that in this case the
derived category DpQcohXq has enough compact objects and the subcategory of compact objects
is nothing else but the subcategory of perfect complexes Perf –X. Recall that a complex is called
perfect if it is locally quasi-isomorphic to a bounded complex of locally free sheaves of finite type.
Furthermore, it was proved in [Ne2, BV] that the category Perf –X admits a classical generator
E, i.e. the minimal full triangulated subcategory of Perf –X that contains E and is closed under
direct summands coincides with the whole Perf –X. As a consequence, such a perfect complex E
is a compact generator of the whole DpQcohXq.
It is very useful to consider a triangulated category T together with an enhancement A , which
is a differential graded (DG) category with the same objects as in T , but the set of morphisms
between two objects in A is a complex of vector spaces. One recovers morphisms in T by taking
the cohomology H0 of the corresponding morphism complex in A . Thus, T is the homotopy
category H0pA q of the DG category A . Such an A is called an enhancement of T .
The triangulated category DpQcohXq has several natural DG enhancements: the category of
h-injective complexes, the DG quotient of all complexes by acyclic complexes, the DG quotient of
h-flat complexes by acyclic h-flat complexes. They all are quasi-equivalent and we can work with any
of them. Denote by DpQcohXq a DG enhancement of DpQcohXq and by Perf –X the induced
DG enhancement of the category of perfect complexes Perf –X.
Let us take a generator E P Perf –X. Denote by E its DG algebra of endomorphisms, i.e.
E “ HompE,Eq. Since E is perfect the DG algebra E has only finitely many nonzero cohomology
groups. Keller’s results from [Ke1] imply that the DG category Perf –X is quasi-equivalent to
Perf – E , where E is a cohomologically bounded DG algebra and DpQcohXq is equivalent to the
derived category of DG E –modules DpE q.
The facts described above allow us to suggest a definition of a (derived) noncommutative scheme
over k as a k–linear DG category of the form Perf – E , where E is a cohomologically bounded
DG algebra over k. In this case the derived category DpE q will be called the derived category of
quasi-coherent sheaves on this noncommutative scheme.
The simplest and, apparently, the most important class of schemes is the class of smooth and
projective schemes or, more generally, the class of schemes that are regular and proper. The prop-
erties of regularity, smoothness and properness can be interpreted in categorical terms and can be
extended to noncommutative schemes. We say that a k–linear triangulated category T is proper ifÀ
mPZHompX,Y rmsq is finite dimensional for any two objects X,Y P T . It will be called regular if
it has a strong generator, i.e. such an object that generates the whole T in a finite number of steps
(Definitions 1.3 and 3.12). The notion of smoothness is well-defined for a DG category. A k–linear
DG category A is called k-smooth if it is perfect as a module over A ˝bk A . Application of these
3definitions to a DG category of perfect objects Perf – E and its homotopy category Perf – E leads
us to well-defined notions of a regular, smooth, and proper noncommutative schemes.
It can be proved that a usual separated noetherian scheme X is regular if and only if the category
Perf –X is regular (Theorem 3.27). Furthermore, for separated schemes of finite type properness of
X is equivalent to properness of Perf –X (Propositions 3.30) and smoothness of X is equivalent
of Perf –X ([Lu] and Propositions 3.31). These facts imply that smooth and projective schemes
form a subclass of the class of smooth and proper noncommutative schemes. It is not difficult to give
an example of a noncommutative smooth and proper scheme Perf – E that is not quasi-equivalent
to Perf –X of a usual commutative scheme.
Let us consider the world of all smooth projective schemes. As in the theory of motives, an
important step is adding direct summands, in our situation it is natural to extend the world of
smooth projective schemes to the world of all admissible subcategories N Ă Perf –X, where X
is a smooth and projective scheme. (Recall that a full triangulated subcategory N Ă Perf –X is
called admissible if the inclusion functor has right and left adjoint functors and, hence, N is a
semi-orthogonal summand of Perf –X. ) Such admissible subcategories are also smooth and proper,
and they give natural examples of smooth and proper noncommutative schemes, which will be called
geometric noncommutative schemes.
One may consider the 2-category of smooth and proper noncommutative schemes NSchprsm over
a field k. Objects of NSchprsm are DG categories A of the form Perf – E , where E is a smooth
and proper DG algebra; 1-morphisms are quasi-functors, i.e. DG functors modulo inverting quasi-
equivalences; and 2-morphisms are morphisms of quasi-functors. The 2-category NSchprsm has a
full 2-subcategory of geometric smooth and proper noncommutative schemes GNSch. Evidently,
GNSch contains all smooth and projective commutative schemes. Moreover, a Toe¨n’s theorem [To]
says that quasi-functors from Perf –X to Perf – Y correspond bijectively to perfect complexes on
the product, i.e. Perf –pX ˆ Y q is the category of morphisms from X to Y in NSchprsm.
The world of smooth and proper noncommutative schemes is plentiful and multiform in the sense of
different constructions and operations. For instance, it contains all Perf – Λ for all finite dimensional
algebras Λ of finite global dimension. Besides, for any two noncommutative schemes A and B
every perfect B˝-A –bimodule S produces a new noncommutative scheme C “ A i
S
B, which
we call the gluing of A and B via S. The resulting DG category C is also smooth and proper
(Definition 3.5 and Section 3.3). Its homotopy category has a semi-orthogonal decomposition of
the form H0pC q “ xH0pA q, H0pBqy. Of course, this procedure can be iterated and it allows to
reproduce new and new noncommutative schemes. If we glue commutative schemes like Perf –X
and Perf – Y, then the result is almost never a commutative scheme, except for a few special
examples (Examples 3.9 and 3.10).
4The main purpose of this paper is to show that the world of all geometric noncommutative schemes
is closed under operation of the gluing. More precisely, we prove that for any smooth and projective
X and Y the gluing Perf –Xi
S
Perf – Y of two DG categories of the form Perf –X and Perf – Y
via arbitrary perfect bimodule S is a geometric noncommutative scheme, i.e. it is quasi-equivalent
to an admissible full DG subcategory in Perf – V for some smooth projective scheme V (Theorem
4.11). This result implies that the subcategory of smooth proper geometric noncommutative schemes
is closed under gluing via any bimodules (Theorem 4.15).
These theorems have useful applications. Using results of [KL] we obtain that for any proper
scheme Y over a field of characteristic 0 there is a full embedding of Perf – Y into Perf – V,
where V is smooth and projective (Corollary 4.16). In Section 5 we show that for any finite
dimensional algebra Λ with the semisimple part S “ Λ{R separable over the base field k, there
exist a smooth projective scheme V and a perfect complex E ¨ on X such that EndpE ¨q “ Λ and
HompE ¨, E ¨rlsq “ 0 when l ‰ 0 (Theorem 5.3). As a consequence of this theorem we obtain that
for any finite dimensional algebra Λ over k with separable semisimple part S “ Λ{R there is a
smooth projective scheme V such that the DG category Perf – Λ is quasi-equivalent to a full DG
subcategory of Perf – V. Moreover, if Λ has finite global dimension, then Perf – Λ is admissible
in Perf – V (Corollary 5.4). Note that over a perfect field all algebras a separable.
In Section 5.2 we give an alternative and more useful procedure of constructing a smooth projec-
tive scheme that admits a full exceptional collection and contains as a subcollection an exceptional
collection given in advance. More precisely, for any DG category A , for which the homotopy cate-
gory H0pA q has a full exceptional collection, we give an explicit construction of a smooth projective
scheme X and an exceptional collection of line bundles σ “ pL1, . . . ,Lnq in Perf –X such that
the DG subcategory N Ă Perf –X generated by σ is quasi-equivalent to A . Moreover, by
construction X is rational and has a full exceptional collection (Theorem 5.8).
In the last section we illustrate this theorem considering the case of noncommutative projective
planes, in the sense of noncommutative deformations of the usual projective plane, which have been
introduced and described by M. Artin, J. Tate, and M. Van den Bergh in [ATV].
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51. Preliminaries on triangulated categories, generators, and semi-orthogonal
decompositions
1.1. Generators in triangulated categories. In this section we discuss different notions of gen-
erators in triangulated categories. Let T be a triangulated category and S be a set of objects.
Definition 1.1. A set of objects S Ă ObT generates the triangulated category T if T coincides
with the smallest strictly full triangulated subcategory of T which contains S. (Strictly full means
it is full and closed under isomorphisms).
The notion of generating a triangulated category is very rigid, because a triangulated subcategory
that is generated by a set of objects is not necessarily idempotent complete. A much more useful
notion of generating a triangulated category is the notion of a set of classical generators.
Definition 1.2. A set of objects S Ă ObT forms a set of classical generators for T if the category
T coincides with the smallest triangulated subcategory of T which contains S and is closed under
taking direct summands. When S consists of a single object we obtain the notion of a classical
generator.
If a classical generator X generates the whole category in a finite number of steps, then it is
called a strong generator. More precisely, let I1,I2 Ă T be two full subcategories. Define their
product as
I1 ˚ I2 “
 
the full subcategory, consisting on all objects Y of the form : Y1 Ñ Y Ñ Y2 , Yi P Ii
(
.
Let xIy be the smallest full subcategory that contains I Ă xIy and that is closed under shifts,
finite direct sums, and direct summands. We call xIy the envelope of I.
Put I1 ˛I2 :“ xI1 ˚I2y and we define by induction xIyk “ xIyk´1 ˛ xIy. If I consists of a single
object X we denote xIy by xXy1 and put by induction xXyk “ xXyk´1 ˛ xXy1.
Definition 1.3. An object X is called a strong generator if xXyn “ T for some n P N.
Remark 1.4. If X P T is a classical generator, then T “
Ť8
i“1xXyi. It is also easy to see that if
T has a strong generator, then any classical generator is strong as well.
Following [Ro] we define the dimension of a triangulated category.
Definition 1.5. The dimension of a triangulated category T , denoted by dim T , is the smallest
integer d ě 0 such that there exists an object X P T for which xXyd`1 “ T .
Let now T be a triangulated category which admits arbitrary small coproducts (direct sums).
Such a category is called cocomplete.
6Definition 1.6. Let T be a cocomplete triangulated category. An object X P T is called compact
in T if HompX,´q commutes with arbitrary small coproducts, i.e. for any set of objects tYiu Ă T
the canonical map
À
iHompX,YiqÝÑHompX,
À
i Yiq is an isomorphism.
Compact objects in T form a triangulated subcategory denoted by T c Ă T .
Definition 1.7. Let T be a cocomplete triangulated category. A set S Ă ObT c is called a set of
compact generators if any object Y P T for which HompX,Y rnsq “ 0 for all X P S and all n P Z
is a zero object.
Remark 1.8. Since T is cocomplete, it can be proved that the property of S Ă Ob T c to be a set
of compact generators is equivalent to the following property: the category T coincides with the
smallest full triangulated subcategory containing S and closed under small coproducts [Ne1].
Remark 1.9. The definition of compact generators is closely related to the definition of classical
generators. Assume that a cocomplete triangulated category T is compactly generated by the set
of compact objects T c. In this case a set S Ă T c is a set of compact generators of T if and only
if the set S is a set of classical generators of the subcategory of compact objects T c [Ne1].
Let T be a cocomplete triangulated category and let X P T c be a compact object. If on each
step we add not only finite sums but also all arbitrary direct sums one can define full subcategories
ĚxXyk Ă T . The following proposition is proved in [BV, 2.2.4].
Proposition 1.10. If X is a compact object in a cocomplete triangulated category T , then
ĚxXykŞT c “ xXyk.
In particular, if ĚxXyk “ T for some k, then xXyk “ T c and X is a strong generator of T c.
1.2. Semi-orthogonal decompositions. Let T be a k–linear triangulated category, where k
is a base field. Recall some definitions and facts concerning admissible subcategories and semi-
orthogonal decompositions. Let N Ă T be a full triangulated subcategory. The right orthogonal
to N is the full subcategory NK Ă T consisting of all objects X such that HompY,Xq “ 0 for
any Y P N . The left orthogonal KN is defined analogously. The orthogonals are also triangulated
subcategories.
Definition 1.11. Let I : N ãÑ T be a full embedding of triangulated categories. We say that N
is right admissible (respectively left admissible) if there is a right (respectively left) adjoint functor
Q : T Ñ N . The subcategory N will be called admissible if it is both right and left admissible.
Remark 1.12. The subcategory N is right admissible if and only if for each object Z P T there
is an exact triangle Y Ñ Z Ñ X, with Y P N , X P NK.
7Let N be a full triangulated subcategory in a triangulated category T . If N is right (respec-
tively left) admissible, then the quotient category T {N is equivalent to NK (respectively KN ).
Conversely, if the quotient functor Q : T ÝÑ T {N has a left (respectively right) adjoint, then T {N
is equivalent to NK (respectively KN ).
Definition 1.13. A semi-orthogonal decomposition of a triangulated category T is a sequence of
full triangulated subcategories N1, . . . ,Nn in T such that there is an increasing filtration 0 “ T0 Ă
T1 Ă ¨ ¨ ¨ Ă Tn “ T by left admissible subcategories for which the left orthogonals
KTi´1 in Ti
coincide with Ni. In particular, Ni – Ti{Ti´1. We write T “ xN1, . . . ,Nny .
If we have a semi-orthogonal decomposition T “ xN1, . . . ,Nny , then the inclusion functors induce
an isomorphism of the Grothendieck groups
K0pN1q ‘K0pN2q ‘ ¨ ¨ ¨ ‘K0pNnq – K0pT q.
It is more convenient to consider so called enhanced triangulated categories, i.e. triangulated
categories that are homotopy categories of pretriangulated DG categories (see Section 2.3). An
enhancement of a triangulated category T induces an enhancement of any full triangulated subcat-
egory N Ă T . Using an enhancement of a triangulated category T we can define the K–theory
spectrum KpT q of T (see [Ke2]). It also gives us an additive invariant (see, for example, [Ke2,
5.1]), i.e for any semi-orthogonal decomposition we have an isomorphism
K˚pN1q ‘K˚pN2q ‘ ¨ ¨ ¨ ‘K˚pNnq – K˚pT q.
1.3. Exceptional, w-exceptional, and semi-exceptional collections. The existence of a semi-
orthogonal decomposition on a triangulated category T clarifies the structure of T . In the best
scenario, one can hope that T has a semi-orthogonal decomposition T “ xN1, . . . ,Nny in which
each Np is as simple as possible, i.e. is equivalent to the bounded derived category of finite-
dimensional vector spaces.
Definition 1.14. An object E of a k–linear triangulated category T is called exceptional if
HompE,Erlsq “ 0 whenever l ‰ 0, and HompE,Eq “ k. An exceptional collection in T
is a sequence of exceptional objects σ “ pE1, . . . , Enq satisfying the semi-orthogonality condition
HompEi, Ejrlsq “ 0 for all l whenever i ą j.
If a triangulated category T has an exceptional collection σ “ pE1, . . . , Enq that generates the
whole of T , then this collection is called full. In this case T has a semi-orthogonal decomposition
with Np “ xEpy. Since Ep is exceptional, each of these categories is equivalent to the bounded
derived category of finite dimensional k -vector spaces. In this case we write T “ xE1, . . . , Eny.
Definition 1.15. An exceptional collection σ “ pE1, . . . , Enq is called strong if, in addition,
HompEi, Ejrlsq “ 0 for all i and j when l ‰ 0.
8The best known example of an exceptional collection is the sequence of invertible sheaves
pOPn , . . . ,OPnpnqq on the projective space P
n. This exceptional collection is full and strong.
When the field k is not algebraically closed it is reasonable to weaken the notions of an exceptional
object and an exceptional collection.
Definition 1.16. An object E of a k–linear triangulated category T is called w-exceptional (weak
exceptional) if HompE,Erlsq “ 0 when l ‰ 0, and HompE,Eq “ D, where D is a finite dimen-
sional division algebra over k. It is called semi-exceptional if HompE,Erlsq “ 0 when l ‰ 0 and
HompE,Eq “ S, where S is a finite dimensional semisimple algebra over k.
It is evident that exceptional and semi-exceptional objects are stable under base field change while
w-exceptional objects are not.
A w-exceptional (semi-exceptional) collection in T is a sequence of w-exceptional (semi-
exceptional) objects pE1, . . . , Enq with semi-orthogonality conditions HompEi, Ejrlsq “ 0 for all
l whenever i ą j.
Example 1.17. Let k be a field and D be a central simple algebra over k. Consider a Severi-
Brauer variety SBpDq. There is a full semi-exceptional collection pS0, S1, . . . Snq on SBpDq such
that S0 “ OSB and EndpSiq – D
bi, where n ` 1 is the order of the class of D in the Brauer
group of k. Since each Dbi is a matrix algebra over a central division algebra Di, there is a
w-exceptional collection pE0, E1, . . . , Enq such that EndpEiq – Di (see [Be] for a proof). In this
situation Si are isomorphic to E
‘ki
i for some integers ki. These collections are also strong.
2. Preliminaries on differential graded categories
2.1. Differential graded categories. Our main references for differential graded (DG) categories
are [Ke1, Dr, To, TV]. Here we only recall some points and introduce notation. Let k be a field.
All categories, DG categories, functors, DG functors and so on are assumed to be k–linear.
A differential graded or DG category is a k–linear category A whose morphism spaces
HompX,Y q are complexes of k -vector spaces (DG k–modules), so that for any X,Y,Z P ObC
the composition HompY,Zq b HompX,Y q Ñ HompX,Zq is a morphism of DG k–modules. The
identity morphism 1X P HompX,Xq is closed of degree zero.
Using the supercommutativity isomorphism U b V » V b U in the category of DG k–modules
one defines for every DG category A the opposite DG category A ˝ with ObA ˝ “ ObA and
HomA ˝pX,Y q “ HomA pY,Xq.
For a DG category A we denote by H0pA q its homotopy category. The homotopy category
H0pA q has the same objects as the DG category A and its morphisms are defined by taking the
0-th cohomology H0pHomA pX,Y qq of the complex HomA pX,Y q.
9As usual, a DG functor F : A Ñ B is given by a map F : ObpA q Ñ ObpBq and by morphisms
of DG k–modules
FX,Y : HomA pX,Y q ÝÑ HomBpFX,FY q, X, Y P ObpA q
compatible with the composition and the units.
A DG functor F : A Ñ B is called a quasi-equivalence if FX,Y is a quasi-isomorphism for all
pairs of objects X,Y of A and the induced functor H0pFq : H0pA q Ñ H0pBq is an equivalence.
DG categories A and B are called quasi-equivalent if there exist DG categories C1, . . . ,Cn and
a chain of quasi-equivalences A
„
Ð C1
„
Ñ ¨ ¨ ¨
„
Ð Cn
„
Ñ B.
2.2. Differential graded modules. Given a small DG category A we define a right DG A –
module as a DG functor M : A op Ñ Mod–k, where Mod–k is the DG category of DG k–modules.
We denote by Mod–A the DG category of right DG A –modules.
Each object Y of A produces a right module represented by Y
hY p´q :“ HomA p´, Y q
which is called a representable DG module. This gives the Yoneda DG functor h‚ : A Ñ Mod–A
that is full and faithful.
A DG A –module is called free if it is isomorphic to a direct sum of DG modules of the form
hY rns, where Y P A , n P Z. A DG A –module P is called semi-free if it has a filtration 0 “
Φ0 Ă Φ1 Ă ... “ P such that each quotient Φi`1{Φi is free. The full DG subcategory of semi-free
DG modules is denoted by SF–A . We denote by SFfg–A Ă SF–A the full DG subcategory
of finitely generated semi-free DG modules, i.e. such that Φm “ P for some m and Φi`1{Φi is a
finite direct sum of DG modules of the form hY rns.
For every DG A –module M there is a quasi-isomorphism pMÑ M such that pM is a semi-free
DG A –module (see [Ke1] 3.1, [Hi] 2.2, [Dr] 13.2).
Denote by Ac–A the full DG subcategory of Mod–A consisting of all acyclic DG modules, i.e.
DG modules M for which the complex MpXq is acyclic for all X P A . The homotopy category
of DG modules H0pMod–A q has a natural structure of a triangulated category and the homotopy
subcategory of acyclic complexes H0pAc–A q forms a full triangulated subcategory in it. The derived
category DpA q is defined as the Verdier quotient
DpA q :“ H0pMod–A q{H0pAc–A q.
It is also natural to consider the category of h-projective DG modules. We call a DG A –module
P h-projective (homotopically projective) if
HomH0pMod–A qpP,Nq “ 0
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for every acyclic DG module N (dually, we can define h-injective DG modules). Let PpA q Ă
Mod–A denote the full DG subcategory of h-projective objects. It can be easily checked that a
semi-free DG-module is h-projective and the natural embedding SF–A ãÑ PpA q is a quasi-
equivalence. Moreover, the canonical DG functors SF–A ãÑ PpA q ãÑ Mod–A induce equiva-
lences H0pSF–A q
„
Ñ H0pPpA qq
„
Ñ DpA q of triangulated categories.
Let F : A Ñ B be a DG functor between small DG categories. It induces the restriction DG
functor
F˚ : Mod–B ÝÑ Mod–A
which sends a DG B–module N to N ˝ F.
The restriction functor F˚ has left and right adjoint functors F
˚,F! that are defined as follows
F˚MpY q “ MbA F˚hY , F
!MpY q “ HompF˚hY ,Mq, where Y P B and M P Mod–A .
The DG functor F˚ is called the induction functor and it is an extension of F on the category of
DG modules, i.e there is an isomorphism of DG functors F˚h‚
A
– h‚
B
F.
The DG functor F˚ preserves acyclic DG modules and induces a derived functor F˚ : DpBq Ñ
DpA q. Existence of h-projective and h-injective resolutions allows us to define derived functors LF ˚
and RF ! from DpA q to DpBq.
More generally, let T be an A -B–bimodule that is, by definition, a DG-module over A op bB.
For each DG A –module M we obtain a DG B–module M bA T. The DG functor p´q bA T :
Mod–A Ñ Mod–B admits a right adjoint HomBpT,´q. These functors do not respect quasi-
isomorphisms in general, but they form a Quillen adjunction and the derived functors p´q
L
bA T
and RHomBpT,´q form an adjoint pair of functors between derived categories DpA q and DpBq.
2.3. Pretriangulated DG categories, categories of perfect DG modules, and enhance-
ments. For any DG category A there exist a DG category A pre-tr that is called the pretrian-
gulated hull and a canonical fully faithful DG functor A ãÑ A pre-tr. The idea of the definition of
A pre-tr is to formally add to A all shifts, all cones, cones of morphisms between cones and etc.
There is a canonical fully faithful DG functor (the Yoneda embedding) A pre-tr Ñ Mod–A , and
under this embedding A pre-tr is DG-equivalent to the DG category of finitely generated semi-free
DG modules SFfg–A . We will not make a difference between the DG categories A
pre-tr and
SFfg–A .
Definition 2.1. A DG category A is called pretriangulated if the canonical DG functor A Ñ
A pre-tr is a quasi-equivalence.
Remark 2.2. It is equivalent to require that the homotopy category H0pA q is triangulated as a
subcategory of H0pMod–A q.
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The DG category A pre-tr is always pretriangulated, so H0pA pre-trq is a triangulated category.
We denote TrpA q :“ H0pA pre-trq.
With any small DG category A we can also associate another DG category Perf –A that is
called the DG category of perfect DG modules. This category is even more important than A pre-tr.
Definition 2.3. A DG category of perfect DG modules Perf –A is the full DG subcategory of
SF–A consisting of all DG modules which are homotopy equivalent to a direct summand of a
finitely generated semi-free DG module.
Thus, the DG category Perf –A is pretriangulated and contains SFfg–A – A
pre-tr. Denote
by Perf –A the homotopy category H0pPerf –A q. The triangulated category Perf –A can be
obtained from the triangulated category TrpA q as its idempotent completion (Karubian envelope).
Proposition 2.4. For any small DG category A the set of representable objects thY uY PA forms
a set of compact generators of DpA q and the subcategory of compact objects DpA qc coincides with
the subcategory of perfect DG modules Perf –A .
Remark 2.5. If A is a small pretriangulated DG category and H0pA q is idempotent complete,
then the natural Yoneda DG functor h : A Ñ Perf –A is a quasi-equivalence.
It is well-known that the categories DpA q and Perf –A are invariant under quasi-equivalences
of DG categories.
Proposition 2.6. If a DG functor F : A Ñ B is a quasi-equivalence, then the functors
F˚ : SFfg–A ÝÑ SFfg–B, F
˚ : Perf –A ÝÑ Perf –B, F˚ : SF–A ÝÑ SF–B
are quasi-equivalences too.
Furthermore, we have the following proposition that is essentially equal to Lemma 4.2 in [Ke1]
(see also [LO, Prop. 1.15] and proof there).
Proposition 2.7. [Ke1] Let F : A ãÑ B be a full embedding of DG categories and let F˚ :
SF–A Ñ SF–B (resp. F˚ : Perf –A Ñ Perf –B ) be the extension DG functor. Then the
induced homotopy functor F ˚ : DpA q Ñ DpBq (resp. F ˚ : Perf –A Ñ Perf –B ) is fully faithful.
If, in addition, the category Perf –B is classically generated by ObA , then F ˚ is an equivalence.
Remark 2.8. The first statement holds for the functor F˚ : SFfg–A Ñ SFfg–B too. The second
also holds if we ask that the category TrpBq is generated by ObA (not classically).
Definition 2.9. Let T be a triangulated category. An enhancement of T is a pair pA , εq, where
A is a pretriangulated DG category and ε : H0pA q
„
Ñ T is an exact equivalence.
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2.4. Quasi-functors. Let k be a field. Denote by DGcatk the category of small DG k–linear
categories. It is known that it admits a structure of cofibrantly generated model category whose
weak equivalences are the quasi-equivalences (see [Ta]). This implies that the localization Hqe of
DGcatk with respect to the quasi-equivalences has small Hom-sets. This also gives that a morphism
from A to B in the localization can be represented as A Ð Acof Ñ B, where A Ð Acof is a
cofibrant replacement. It is not easy to compute the morphism sets in the localization category Hqe
using a cofibrant replacement. On the other hand, they can be described in term of quasi-functors.
Consider two small DG categories A and B. Let T be a A -B–bimodule. It defines a derived
tensor functor
p´q
L
bA T : DpA q ÝÑ DpBq
between derived categories of DG modules over A and B.
Definition 2.10. An A -B–bimodule T is called a quasi-functor from A to B if the tensor
functor p´q
L
bA T : DpA q Ñ DpBq takes every representable A –module to an object which is
isomorphic to a representable B–module.
Denote by ReppA , Bq the full subcategory of the derived category DpA op b Bq of A -B–
bimodules consisting of all quasi-functors. In other words a quasi-functor is represented by a
DG functor A Ñ Mod–B whose essential image consists of quasi-representable DG B–modules
(“quasi-representable” means quasi-isomorphic to a representable DG module). Since the category
of quasi-representable DG B–modules is equivalent to H0pBq a quasi-functor T P ReppA , Bq
defines a functor H0pTq : H0pA q Ñ H0pBq. Notice that a quasi-functor F : A Ñ B defines an
exact functor TrpA q Ñ TrpBq between triangulated categories.
It is now known that quasi-representable functors form morphisms between DG categories in the
localization category Hqe.
Theorem 2.11. [To] The morphisms from A to B in the localization Hqe of DGcatk with
respect to quasi-equivalences are in natural bijection with the isomorphism classes of ReppA ,Bq.
Due to this theorem any morphism from A to B in the localization category Hqe will be called
a quasi-functor.
Let F : A Ñ B be a quasi-functor. It can be realized as a roof A
a
„
ÐÝ A 1
F1
ÝÑ B, where a
and F1 are DG functors and a is also a quasi-equivalence. For instance we can take a cofibrant
replacement Acof as A
1. The quasi-functor F induces functors
(1) LF ˚ “ LF
1˚ ˝ a˚ : DpA q ÝÑ DpBq and RF˚ :“ F
1
˚ ˝ La
˚ : DpBq ÝÑ DpA q.
If now we consider the quasi-functor F as an A -B–bimodule T, then there are isomorphisms of
functors
LF ˚ – ´
L
bA T : DpA q ÝÑ DpBq and RF˚ – RHomBpT,´q : DpBq ÝÑ DpA q.
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The standard tensor product b on the category DGcatk induces a tensor product
L
b on the
localization Hqe. It is proved in [To] that the monoidal category pHqe,
L
bq has internal Hom-functor
RHom. In particular, there is a quasi-equivalence
(2) RHompA bB, C q – RHompA , RHompB, C qq.
Theorem 2.12. [To] For any DG categories A and B the DG category RHompA ,Bq is quasi-
equivalent to the full DG subcategory ReppA ,Bq Ă SF–pA ˝ b Bq consisting of all objects of
ReppA ,Bq.
Thus, there are equivalences H0pRHompA ,Bqq – H0pReppA ,Bqq – ReppA ,Bq.
3. Commutative and noncommutative schemes
3.1. Derived categories of quasi-coherent sheaves and noncommutative schemes. In this
paper we will consider separated noetherian schemes over an arbitrary field k. Let X be such
a scheme. The abelian category QcohX of quasi-coherent sheaves QcohX is a Grothendieck
category and has enough injectives.
Denote by Com–X the DG category of unbounded complexes of quasi-coherent sheaves on X.
This category has enough h-injective complexes (see, e.g. [KS]). Denote by I pXq the full DG
subcategory of h-injective complexes. This DG category gives us a natural DG enhancement for the
unbounded derived category of quasi-coherent sheaves, because H0pI pXqq – DpQcohXq. Another
natural enhancement for DpQcohXq comes from the definition of the derived category and DG
version of Verdier localization [Dr]. Consider the full DG subcategory Ac–X Ă Com–X of all
acyclic complexes. We can take the quotient DG derived category Com–X{Ac–X. Of course,
I pXq and Com–X{Ac–X are naturally quasi-equivalent enhancements.
There is another enhancement of DpQcohXq that is very useful when we work with pullback
and tensor product functors. It comes from h-flat complexes. Recall that an (unbounded) complex
P¨ of quasi-coherent sheaves on X is called h-flat if Tot‘pP¨ bOX C
¨q is acyclic for any acyclic
C¨ P Ac–X. Denote by Flat–X Ă Com–X the full DG subcategory of h-flat complexes. It was
shown in [AJL, Prop. 1.1] that there are enough h-flat complexes in Com–X for any separated
quasi-compact scheme. Hence the DG quotient category Flat–X{Acf–X, where Acf–X is the
DG subcategory of acyclic h-flat complexes, is an enhancement of DpQcohXq (see [KL, 3.10]).
It is easy to see that for any morphism of schemes f : X Ñ Y the pullback f˚, acting compo-
nentwise on complexes, sends h-flat complexes to h-flat complexes and h-flat acyclic complexes to
h-flat acyclic complexes. It is also true that the tensor product of an h-flat acyclic complex with
any complex is acyclic (see [Sp]). Thus, for any morphism of schemes f : X Ñ Y we obtain a DG
functor (not only a quasi-functor)
f˚ : Flat–Y {Acf–Y ÝÑ Flat–X{Acf–X,
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which induces the derived inverse image functor Lf˚ on the derived categories of quasi-coherent
sheaves. Similarly, we have a DG tensor functor p´q b P¨ from Flat–X{Acf–X to itself.
Thus, we have three different DG categories I pXq, Com–X{Ac–X, and Flat–X{Acf–X,
which are natural quasi-equivalent enhancements for DpQcohXq. There is no reason to make dif-
ference between them, but sometimes one of them is more favorable because some quasi-functors can
be realized as usual DG functors. In this paper we work with the DG category Flat–X{Acf–X,
which will be denoted by DpQcohXq, since pulbacks and tensor products are DG functors on them.
For any morphism of schemes f : X Ñ Y we also have a DG functor f˚ from I pXq to
Com–Y {Ac–Y acting componentwise on h-injective complexes. This DG functor induces a quasi-
functor that we will denote by the same letter
f˚ : DpQcohXq
„
ÝÑ Com–X{Ac–X
„
ÐÝ I pXq
f˚
ÝÑ Com–Y {Ac–Y
„
ÐÝ DpQcohXq.
Recall now the important notion of a perfect complex on a scheme X, which was introduced in
[SGA6]. A perfect complex is a complex of sheaves which is locally quasi-isomorphic to a bounded
complex of locally free sheaves of finite type (a good reference is [TT]).
Definition 3.1. Denote by Perf –X the full DG subcategory of DpQcohXq consisting of all perfect
complexes.
The triangulated category Perf –X “ H0pPerf –Xq is a full subcategory of DpQcohXq. Amnon
Neeman in [Ne2] showed that the triangulated category DpQcohXq is compactly generated and
Perf –X is nothing but the subcategory of compact object in DpQcohXq. In [Ne2] this assertion
is proved for any quasi-compact and separated scheme, in [BV] a generalization of this fact for
DQcohpXq was established for a quasi-compact and quasi-separated scheme.
For any morphism of schemes f : X Ñ Y the DG functor f˚ induces a DG functor
f˚ : Perf – Y Ñ Perf –X.
Under some conditions on the morphism f : X Ñ Y, the induced quasi-functor f˚ from
DpQcohXq to DpQcoh Y q sends Perf –X to Perf – Y (see [TT, 2.5.4] and [SGA6, III]). Thus, for
noetherian schemes X and Y if f is proper and has finite Tor-dimension we obtain a quasi-functor
f˚ : Perf –X ÝÑ Perf – Y.
Note that it holds for any morphism between smooth and proper schemes.
In [Ne2, BV] it was proved that the category Perf –X admits a classical generator E and, hence,
E is a compact generator of the whole DpQcohXq. Let us take such a generator E P Perf –X.
Denote by E its DG algebra of endomorphisms, i.e. E “ HompE,Eq. Since E is perfect, the DG
algebra E has only finitely many cohomologies. Proposition 2.7 implies the following statement.
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Statement 3.2. [BV, 3.1.8] The DG category DpQcohXq is quasi-equivalent to SF–E and
Perf –X is quasi-equivalent to Perf – E , where E is a DG algebra with bounded cohomology.
This fact allows us to suggest a definition of a (derived) noncommutative scheme over k.
Definition 3.3. A (derived) noncommutative scheme over a field k is a k–linear DG category of
the form Perf – E , where E is a cohomologically bounded DG algebra over k. The derived category
DpEq will be called the derived category of quasi-coherent sheaves on this noncommutative scheme.
For a noetherian scheme X we consider the abelian category of coherent sheaves cohX. Denote
by DbpcohpXqq the bounded derived category of coherent sheaves on X. Since X is noether-
ian the natural functor DbpcohpXqq Ñ DpQcohpXqq is fully faithful and realizes an equivalence of
DbpcohpXqq with the full subcategory DbpQcohpXqqcoh Ă DpQcohpXqq consisting of all cohomo-
logically bounded complexes with coherent cohomology (see [SGA6, II 2.2.2]). Because of that, when
we consider DbpcohpXqq as a subcategory of DpQcohpXqq we will identify it with the full subcat-
egory DbpQcohpXqqcoh, adding all isomorphic objects. The enhancement DpQcohXq induces an
enhancement of DbpcohXq that we denote by DbpcohXq.
3.2. Gluing of DG categories. Let A and B be two small DG categories and let S be a
B-A –bimodule, i.e. a DG B˝ b A –module. We now construct a so called upper triangular DG
category corresponding to the data pA ,B,Sq.
Definition 3.4. Let A and B be two small DG categories and let S be a B-A –bimodule. The
upper triangular DG category C “ A v
S
B is defined as follows:
1) ObpC q “ ObpA q
Ů
ObpBq,
2) HomC pX,Y q “
$’’’’’’’&
’’’’’’’%
HomA pX,Y q, when X,Y P A
HomBpX,Y q, when X,Y P B
SpY,Xq, when X P A , Y P B
0, when X P B, Y P A
with evident composition law coming from DG categories A ,B and the bimodule structure on S.
The upper triangular DG category C “ A v
S
B is not necessary pretriangulated even if the
components A and B are pretriangulated. To make this operation well defined on the class of
pretriangulated categories we introduce a so called gluing of pretriangulated categories.
Definition 3.5. Let A and B be two small pretriangulated DG categories and let S be a B-A –
bimodule. A gluing A i
S
B of DG categories A and B via S is defined as the pretriangulated
hull of A v
S
B, i.e. A i
S
B “ pA v
S
Bqpre-tr.
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Remark 3.6. The gluing can be defined for any DG categories not only for pretriangulated (see, for
example, [KL]). The resulting DG category is not necessary pretriangulated. However, we prefer to
restrict ourself to the pretriangulated case, because the definition above is more convenient for our
purposes. Since we use different definition we give different proofs for Propositions 3.7, 3.8, and 3.11
in spite of they were also proved in [KL].
Natural fully faithful DG inclusions a : A ãÑ A v
S
B and b : B ãÑ A v
S
B induce fully faithful
DG functors a˚ : A ãÑ A i
S
B and b˚ : B ãÑ A i
S
B.
It is easy to see that the restriction functor b˚ : Mod–pA v
S
Bq Ñ Mod–B sends semi-free DG
modules to semi-free and we obtain a DG functor SFfg–pA v
S
Bq Ñ SFfg–B. By assumption B
is pretriangulated, and we know that the pretriangulated hull is DG-equivalent to the DG category
of finitely generated semi-free DG modules. Thus we obtain a quasi-functor b˚ : A i
S
B Ñ B that
is right adjoint to b˚. These quasi-functors induce exact functors
a˚ : H0pA q ÝÑ H0pA i
S
Bq, b˚ : H0pBq ÝÑ H0pA i
S
Bq, b˚ : H
0pA i
S
Bq ÝÑ H0pBq
between triangulate categories such that a˚, b˚ are fully faithful, and b˚ is right adjoint to b
˚.
Therefore, there is a semi-orthogonal decomposition
H0pA i
S
Bq “ xN , H0pBqy
with some triangulated subcategory N . It is evident that H0pA q is a full subcategory of N with
respect to the functor a˚. The subcategory N is left admissible and we have the quotient functor
H0pA i
S
Bq Ñ N that sends H0pBq to zero. Since the category H0pA i
S
Bq is generated by the
union of objects a˚hX
A
and b˚hY
B
we obtain that the subcategory N is generated by the objects
a˚hX
A
. Hence N coincides with the triangulated subcategory H0pA q Ă N , because it also contains
all these objects. Thus, we have proved the following proposition.
Proposition 3.7. Let the DG category C be the gluing A i
S
B. Then the DG functors a˚ : A Ñ C
and b˚ : B Ñ C induce a semi-orthogonal decomposition for the triangulated category H0pC q of
the form H0pC q “ xH0pA q,H0pBqy.
On the other hand, we can show that any enhancement of a triangulated category with a semi-
orthogonal decomposition can be obtained as a gluing of enhancements of the summands.
Proposition 3.8. Let C be a pretriangulated DG category. Suppose that we have a semi-orthogonal
decomposition H0pC q “ xA,By. Then the DG category C is quasi-equivalent to the gluing A i
S
B,
where A ,B Ă C are full DG subcategories with the same objects as A and B, respectively, and
the B-A –bimodule is given by the rule
(3) SpY,Xq “ HomC pX,Y q, with X P A and Y P B.
17
Proof. Take full DG subcategories A Ă C and B Ă C with objects from A and B, respectively.
Consider the B-A –bimodule S defined by rule (3). There is a natural inclusion of the upper
triangular DG category A v
S
B into C . Since C is pretriangulated we obtain a quasi-functor from
the pretriangulated hull A i
S
B to C .
Since A and B are semi-orthogonal, the DG category A v
S
B under the inclusion A v
S
B ãÑ
C is quasi-equivalent to the full DG subcategory of C on the set of objects ObpA q
Ů
ObpBq.
Combining Propositions 2.6, 2.7, and Remark 2.8 we obtain that the functor H0pA i
S
Bq Ñ H0pC q
is fully faithful. Since the set ObpA q
Ů
ObpBq generates the category H0pC q, this functor is an
equivalence by Remark 2.8. l
Example 3.9. Let X be a noetherian scheme and let E be a vector bundle on X of rank
2. Consider the projectivization PpE_q with projection p : PpE_q Ñ X. Denote by Op1q the
antitautological line bundle on PpE_q. We know that Rp˚Op1q – E and p
˚ is fully faithful. It
was shown in [Or1] that there is a semi-orthogonal decomposition of the form
Perf – PpE_q “ xp˚Perf –X, p˚Perf –X bOp1qy.
Furthermore, the DG category Perf – PpE_q is quasi-equivalent to the gluing Perf –X i
SE
Perf –X,
where SE is a DG bimodule of the form
SEpB,Aq – HomPerf –XpA, B b Eq, where A,B P Perf –X.
By the same rule the DG category DbpcohPpE_qq can be obtain as the gluing of DbpcohXq with
itself via SE .
Example 3.10. Let π : rX Ñ X be a blowup of a regular scheme X along a closed regular
subscheme Y of codimension 2. The functor Lπ˚ is fully faithful. Consider the exceptional
divisor j : E ãÑ rX. The morphism p : E Ñ Y is the projectivization of the normal bundle to
Y in X. The functor Rj˚p
˚ is fully faithful as well. The triangulated category Perf – rX has a
semi-orthogonal decomposition of the form
Perf – rX “ xLπ˚Perf –X, Rj˚p˚Perf – Y y.
Furthermore, the DG category Perf – rX is quasi-equivalent to the gluing Perf –X i
S
Perf – Y,
where S is a DG bimodule of the form
SpB,Aq – HomPerf – Y pi
˚A, Bq, where A P Perf –X, B P Perf – Y, and i : Y ãÑ X.
By the same rule the DG category Dbpcoh rXq can be obtained as gluing via S.
Let a : A Ñ A 1 and b : B Ñ B1 be DG functors between small pretriangulated DG categories.
Let S and S1 be bimodules, i.e. DG modules over B˝bA and B1˝bA 1 respectively. Consider
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the restriction functor on bimodules
pbb aq˚ : Mod–pB
1˝ bA 1q Ñ Mod–pB˝ bA q.
Suppose that we have a map of DG modules φ : SÑ pbb aq˚S
1. Then it is evident from Definition
3.4 that there are DG functors
av
φ
b : A v
S
B ÝÑ A 1v
S1
B
1, and ai
φ
b : A i
S
B ÝÑ A 1 i
S1
B
1.
Furthermore, assume that φ is a quasi-isomorphism. Now if the exact functors a : H0pA q Ñ
H0pA 1q and b : H0pBq Ñ H0pB1q are fully faithful, then
av
φ
b : H0pA v
S
Bq ÝÑ H0pA 1v
S1
B
1q, and ai
φ
b : H0pA i
S
Bq ÝÑ H0pA 1 i
S1
B
1q
are fully faithful by Theorem 2.7 and Remark 2.8.
If a and b are quasi-equivalences and φ is a quasi-isomorphism, then av
φ
b is a quasi-equivalence
and, by Remark 2.8, ai
φ
b is a quasi-equivalence too since the objects of A v
S
B generate H0pA 1i
S1
B1q in this case.
This statement can be generalized to a class of quasi-functors. Indeed, quasi-functors a : A Ñ A 1
and b : B Ñ B1 induce a quasi-functor b b a : B˝ b A Ñ B1˝ b A 1. The quasi-functor b b a
induces a derived functor
Rpbb aq˚ : DpB
1˝ bA 1q ÝÑ DpB˝ bA q
by rule (1). Any quasi-functor a : C Ñ D can be realized as a roof C
„
Ð C 1 Ñ D and any
morphism of bimodules M Ñ N in DpCq can be represented as a roof of the form M
„
Ð M1 Ñ N.
Hence, we obtain the following proposition.
Proposition 3.11. Let a : A Ñ A 1 and b : B Ñ B1 be quasi-functors between small DG
categories. Let S and S1 be DG modules over B˝ bA and B1˝ bA 1 respectively. Assume that
there is a morphism φ : SÑ Rpbb aq˚S
1 in DpB˝ bA q. Then there are quasi-functors
av
φ
b : A v
S
B ÝÑ A 1v
S1
B
1, and ai
φ
b : A i
S
B ÝÑ A 1 i
S1
B
1.
Moreover, suppose that φ is a quasi-isomorphism. If a : H0pA q Ñ H0pA 1q and b : H0pBq Ñ
H0pB1q are fully faithful, then
av
φ
b : H0pA v
S
Bq ÝÑ H0pA 1v
S1
B
1q, and ai
φ
b : H0pA i
S
Bq ÝÑ H0pA 1 i
S1
B
1q
are fully faithful. If a, b are quasi-equivalences, then both av
φ
b and ai
φ
b are quasi-equivalences.
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3.3. Regular, smooth, and proper noncommutative schemes. Let T be a small k–linear
triangulated category and let A be a small k–linear DG category.
Definition 3.12. We say that T is regular if it has a strong generator, and we say that T is
proper if
À
mPZHompX,Y rmsq is finite dimensional for any two objects X,Y P T .
Definition 3.13. We call A regular (resp. proper) if the triangulated category Perf –A is regular
(resp. proper).
Remark 3.14. Instead of Perf –A we can consider TrpA q. Since Perf –A is the idempotent
completion of TrpA q, regularity and properness of these categories hold simultaneously.
Remark 3.15. It is easy to see that A is proper if and only if
À
iH
ipHompX,Y qq are finite
dimensional for all X,Y P A . It is evidently necessary due to Yoneda embedding A Ă Perf –A .
Since ObA classically generate Perf –A it is also sufficient.
The following theorem is due to A. Bondal and M. Van den Bergh.
Theorem 3.16. [BV, Th. 1.3] Let T be a regular and proper triangulated category which is idem-
potent complete (Karoubian). Then any exact functor from T ˝ to the bounded derived category of
finite dimensional vector spaces Perf – k is representable, i.e. it is of the form hY “ Homp´, Y q.
Such a triangulated category is called right saturated in [BK, BV]. It is proved in [BK, 2.6] that
if T is a right saturated triangulated category and it is a full subcategory in a proper triangulated
category, then it is right admissible there. By Theorem 3.16 a regular and proper idempotent complete
triangulated category is right saturated. Since the opposite category is also regular and proper, it is
left saturated as well. Thus, we obtain the following proposition.
Proposition 3.17. Let T Ă T 1 be a full subcategory in a proper triangulated category T 1. Assume
that T is regular and idempotent complete. Then T is admissible in T 1.
The proof of Theorem 3.16 works for DG categories without any changes (see [BV]). Moreover,
the DG version can be deduced from Theorem 3.16.
Theorem 3.18. Let A be a small DG category that is regular and proper. Then a DG module M
is perfect if and only if dim
À
iH
ipMpXqq ă 8 for all X P A .
Proof. If M is perfect, then dim
À
iH
ipMpXqq ă 8, because Perf –A is proper.
Assume now that dim
À
iH
ipMpXqq ă 8. This implies that dim
À
iH
ipHompP,Mqq ă 8 for
any P P Perf –A . Therefore, the module M gives the DG functor Homp´,Mq from Perf –A to
Perf – k. By Theorem 3.16 the induced functor Homp´,Mq : Perf –A Ñ Perf – k is represented by
an object N P Perf –A and there is a canonical map NÑ M. The cone C of this map in DpA q
is an object such that HompX,Cq “ 0 for any X P A . This implies that C “ 0 because ObA
is a set of compact generators in DpA q. Thus, M is a perfect complex. l
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Corollary 3.19. Let A be a regular and proper pretriangulated DG category for which H0pA q is
idempotent complete. Let M be a DG A –module such that dim‘iH
ipMpXqq ă 8 for all X P A .
Then M is quasi-isomorphic to a representable module hY “ Homp´, Y q for some Y P A .
Proof. It directly follows from the previous theorem and Remark 2.5. 
The properties of regularity and properness behave well under taking semi-orthogonal summands
and gluing.
Proposition 3.20. Let T be a k–linear triangulated category with a semi-orthogonal decomposition
T “ xT1,T2y. The following properties hold
1) if T is proper, then Ti are proper;
2) if T is regular, then Ti are regular;
3) if Ti, i “ 1, 2 are regular, then T is regular too.
Proof. 1) is evident, since any subcategory of a proper category is proper. To prove 2) we should
note that there are quotient functors from T to Ti. Now it is evident that the images of a strong
generator under these functors are strong generators in Ti.
Let Ei be strong generators of Ti such that xEiyni “ Ti. We can take E “ E1‘E2. There are
embeddings xEyni Ą xEiyni “ Ti, i “ 1, 2. By definition of a semi-orthogonal decomposition, for any
object X P T there is an exact triangle of the form X2 Ñ X Ñ X1 with Xi P Ti. This implies
that X P xEyn2 ˛ xEyn1 “ xEyn1`n2 . Hence T “ xEyn1`n2 . This proves 3). l
Remark 3.21. The proof implies inequality dim T ď dim T1 ` dim T2 ` 1.
Proposition 3.22. Let A and B be two small pretriangulated DG categories and let S be a
B-A –bimodule. Then the following conditions are equivalent:
(1) the gluing A i
S
B is regular and proper,
(2) A and B are regular and proper and dim
À
iH
ipSpY,Xqq ă 8 for all X P A , Y P B.
Proof. (1)ñ (2). Since H0pA i
S
Bq “ xH0pA q,H0pBqy regularity and properness of A
and B directly follow from Proposition 3.20 1) and 2). Properness of A i
S
B implies that
dim
À
iH
ipSpY,Xqq ă 8 as well.
(2)ñ (1). Regularity of the gluing follows from 3) of Proposition 3.20 and Proposition 3.7. In
view of Remark 3.15 properness of A i
S
B directly follows from the properness of A and B and
the finiteness of S. l
There is another important property of DG categories that is called smoothness.
Definition 3.23. A small k–linear DG category A is called k-smooth if it is perfect as the module
over A ˝ bA .
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This property depends on the base field k. For example, a finite inseparable extension F Ą k is
not smooth over k and it is smooth over itself.
The following statement is proved in [Lu] see Lemmas 3.5. and 3.6.
Proposition 3.24. If a small DG category A is smooth, then it is regular.
Smoothness is invariant under Morita equivalence [Lu, LS]. This means that if DpA q and DpBq
are equivalent through a functor of the form p´q
L
bA T, where T is an A -B–bimodule, then A
is smooth if and only if B is smooth.
Since A v
S
B and A i
S
B are Morita equivalent we obtain that smoothness of A v
S
B and
A i
S
B hold simultaneously. Further, we can compare smoothness of a gluing with smoothness of
summands. We get the following.
Theorem 3.25. [LS, 3.24] Let A and B be two small pretriangulated DG categories over a field
k and let S be a B˝ bA –module. Then the following conditions are equivalent:
(1) the gluing A i
S
B is smooth;
(2) A and B are smooth and S is a perfect B˝ bA –module.
3.4. Regularity, smoothness, and properness in commutative geometry. Let us now discuss
all these properties of DG categories in context of the usual geometry of schemes.
Proposition 3.26. Let X be a proper scheme. Then the category Perf –X is proper.
Proof. Let E ¨ be a perfect complex. Consider the functor RHompE ¨,´q from DpQcohXq to itself.
Since a perfect complex is locally quasi-isomorphic to a finite complex of vector bundles we obtain
that any object RHompE ¨,F ¨q is perfect when E ¨ and F ¨ are perfect. Let π be the canonical
morphism from X to Speck. By [SGA6, III 4.8.1] (see also [TT, 2.5.4]) since X is proper the
object Rπ˚E
¨ is perfect over k when E ¨ is perfect. Hence, the complex
RHompE ¨,F ¨q – Rπ˚RHompE
¨,F ¨q
is a perfect complex of k -vector spaces, i.e.
À
k HompE
¨,F ¨rksq is finite dimensional. l
Theorem 3.27. Let X be a separated noetherian scheme of finite Krull dimension over an arbitrary
filed k. Assume that the square X ˆ X is noetherian too. Then the following conditions are
equivalent:
(1) X is regular;
(2) Perf –X is regular, i.e. it has a strong generator.
Proof. At first, note that the affine case X “ SpecA was treated in Corollary 8.4 of [Ch] and the
remark immediately following (see also [Ro, 7.25]). We will use it.
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(2)ñ (1) Take an affine open subset U Ă X. Any perfect complex on U is a direct summand of
a perfect complex restricted from X ([Ne2, Lemma 2.6]). Hence, the category Perf –U is strongly
generated too. Thus we have reduced to the affine case. If Perf –A is strongly generated, then the
algebra A has finite global dimension, i.e. it is regular.
(1)ñ (2) By [SGA6, II 2.2.7.1] any regular separated noetherian scheme has an ample family of
line bundles, i.e. there is a family of line bundles tLαu on X such that for any quasi-coherent sheaf
F , the evaluation map à
α; ně1
ΓpX,F b Lbnα q b L
b´n
α ։ F
is an epimorphism. In particular, for any coherent sheaf F there are an algebraic vector bundle E
(i.e. locally free sheaf of finite type) and an epimorphism E ։ F .
Consider an affine covering X “
Ťm
i“1 Vi, where Vi “ SpecAi. Since X is regular, all Ai are
regular noetherian algebras of finite dimension and, hence, they have finite global dimension. This
implies that for sufficiently large n P Z (greater than maximum of global dimensions of Ai ) for any
quasi-coherent sheaf F there is a global locally free resolution
(4) 0 ÝÑ E´n ÝÑ ¨ ¨ ¨ ÝÑ E0 ÝÑ F ÝÑ 0.
By [EGA3, 1.4.12] (see also [TT, App. B]) there exists an integer k P Z such that for all p ě k and
for all quasi-coherent sheaves G, one has ExtppE ,Gq “ HppX, E_bGq “ 0, where E is locally free.
Using a locally free resolution of type (4) for a quasi-coherent sheaf F , one has that for sufficiently
large N P Z for all p ě N and all quasi-coherent sheaves F ,G, we have ExtppF ,Gq “ 0. Thus, the
abelian category QcohpXq has a finite global dimension. Let us denote it by k “ gl.dimQcohpXq.
Consider the product X ˆk X. It is known that the family tL
r
α b L
s
β|r, s ě 1u forms an ample
family on X ˆX (see [TT, 2.1.2.f]), the scheme X ˆX not necessary being regular.
Take the structure sheaf O∆ of the diagonal ∆ Ă X ˆX. Since X is separated, ∆ is closed.
As X ˆX is noetherian, O∆ is a coherent sheaf. Fix an infinite locally free resolution E
¨ of O∆
¨ ¨ ¨ ÝÑ E´n ÝÑ ¨ ¨ ¨ ÝÑ E0 ÝÑ O∆ ÝÑ 0,
where each E´i is a finite direct sum of sheaves of the form Lbrα b L
bs
β . Take a brutal trunca-
tion σě´lE ¨ for a sufficiently large l " 0. It has only two cohomology sheaves H´lpσě´lE ¨q and
H0pσě´lE ¨q “ O∆. Take all L
bn
α that appear in E
´i for all 0 ď i ď l and consider their direct
sum. Denote it by S. We have that S is an algebraic vector bundle and σě´lE ¨ P xS b Syl`1.
For any quasi-coherent sheaf F , the object C “ Rpr2˚ppr
˚
1pFqbσ
ě´lE ¨q is a complex on X, all
cohomology HjpCq of which are trivial when j ą ´l` k except H0pCq that is isomorphic to F .
Since l is large enough, we obtain that F is a direct summand of C. But C belongs to ĚxSyl`1.
Therefore, F PĚxSyl`1 too. Thus, we obtain that ĚxSyl`1 contains all quasi-coherent sheaves. Now
we can apply the following proposition from [Ro].
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Proposition 3.28. [Ro, Prop. 7.22] Let A be an abelian category of finite global dimension k. Let
C be a complex of objects from A. Then, there is a distinguished triangle in DpAq
à
i
Di ÝÑ C ÝÑ
à
i
Ei,
where Di “ σ
ěki`1pτďkpi`1q´1Cq is a complex with zero terms outside rki` 1, . . . kpi` 1q ´ 1s and
Ei is a complex concentrated in degree ki.
Using this proposition we obtain that any object of DpQcohXq belongs to ĚxSykpl`1q where k “
gl.dimQcohpXq. Indeed Ei PĚxSyl`1 and Di as complexes of length k´1 belong to ĚxSypk´1qpl`1q.
Finally, by Proposition 1.10 we have that Perf –X “ DpQcohpXqqc “ xSykpl`1q. l
Remark 3.29. Recently, Amnon Neeman obtained a more general result in this direction. In
particular, the property to be noetherian for the square is not needed.
Proposition 3.30. Let X be a separated scheme of finite type over a field k. Then X is proper
if and only if the category of perfect complexes Perf –X is proper.
Proof. If X is proper, then by Proposition 3.26 the category Perf –X is proper.
Suppose that Perf –X is proper. Let us show that X is proper. We will prove by contradiction.
Assume that X is not proper. By Chow’s Lemma for any separated scheme of finite type X there
is a quasi-projective X 1 with a proper map f : X 1 Ñ X. If X is not proper X 1 is not projective.
Consider its closure sX 1 P PN . Take the complement Y to X 1 in sX 1 and choose a closed point
p P Y. There is an irreducible and reduced projective curve C Ă sX 1 that contains the point p and
is not contained in Y. Denote by C0 Ă C the intersection of C with X
1 and by rC and rC0
the normalizations of C and C0 respectively. Since p R C0 the complement D to rC0 in rC is
not empty. The curve C is regular, hence D is a Cartier divisor on C. Since D is effective it is
ample (see, e.g. [Li, 7.5.5]). This implies that rC0 is an affine curve. Now consider the composition
map g : rC0 Ñ X and take the complex Rg˚O rC0 . Since g is proper being a composition of proper
morphisms, the complex Rg˚O rC0 is a cohomologically bounded complex with coherent cohomology.
From Theorem 4.1 of [LN] we know that, given any integer m, we may find a perfect complex P ¨
and a morphism u : P ¨ Ñ Rg˚O rC0 so that the induced morphisms Hipuq on cohomology sheaves
are isomorphisms for all i ą m. Let m “ ´k ´ 2 where X can be covered by k affine open sets.
Choose u : P ¨ Ñ Rg˚O rC0 as above and complete to an exact triangle
P ¨
u
ÝÑ Rg˚O rC0 ÝÑ Q ÝÑ P r1s.
Since all cohomology sheaves HipQq are trivial when i ą ´N ´ 2 the map between HompOX , P
¨q
and HompOX ,Rg˚O rC0q is an isomorphism. Thus we obtain
HomXpOX , P
¨q – HomXpOX ,Rg˚O rC0q – HomC0pO rC0 ,O rC0q – H0p rC0,O rC0q “ A,
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where SpecA “ rC0. The k -space A is infinite dimensional over k, while OX an P ¨ are both
perfect. Hence, Perf –X can not be proper. This proves the proposition. 
We recall that a scheme of finite type over a field k is called smooth if the scheme sX “ X bk sk
is regular, where sk is an algebraic closure of k.
Proposition 3.31. Let X be a separated scheme of finite type over an arbitrary field. Then X is
smooth and proper if and only if the DG category Perf –X is smooth and proper.
Proof. The statement for smoothness (without properness) is proved in [Lu, 3.13] for a separated
scheme of finite type over a perfect field. On the other hand, the definition of a smooth scheme and
a smooth DG category is invariant under a base field change. Indeed, if Perf –X is smooth, then
Perf – sX is smooth and, hence, by [Lu, 3.13] the scheme sX is smooth (regular). But this is exactly
smoothness of X by definition. The properness of X is proved in Proposition 3.30.
Now if X is smooth and proper, then properness of the DG category Perf –X follows from
Proposition 3.26. Since sX is regular we obtain that the DG category Perf – sX is smooth by [Lu,
3.13]. Finally, we should argue that smoothness of Perf – sX implies smoothness of Perf –X. Since
k Ă sk is faithfully flat, the following property holds: for any DG category A and any A –module
M if Mbk sk is perfect as A bk sk–module, then M is also perfect. 
4. Gluing of smooth projective schemes and geometric noncommutative schemes
4.1. Geometric noncommutative schemes. Let X and Y be two smooth projective schemes
over a field k. Consider DG categories of perfect complexes Perf –X and Perf – Y. Since X and
Y are smooth these categories are quasi-equivalent to DG categories DbpcohXq and DbpcohY q,
respectively. Theorem 3.18 tells us that for a regular and proper X there is a quasi-equivalence
RHompPerf –X˝, Perf – kq – Perf –X.
Therefore, applying the canonical quasi-equivalence (2) we obtain that
(5) RHompPerf – Y bk Perf –X
˝, Perf – kq – RHompPerf – Y,RHompPerf –X˝, Perf – kqq –
RHompPerf – Y, Perf –Xq.
Moreover, there is the following theorem due to B. Toe¨n.
Theorem 4.1. [To] Let X and Y be smooth projective schemes over a field k. Then there is a
canonical isomorphism in Hqe
RHompPerf – Y, Perf –Xq – Perf –pX ˆk Y q.
In particular, the DG category Perf –pXˆk Y q is quasi-equivalent to the DG category of perfect DG
modules over Perf – Y ˝ bk Perf –X.
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This quasi-equivalence can be described explicitly. As was explained in Section 3.1 there are DG
functors
pr˚1 : Perf –X ÝÑ Perf –pX ˆ Y q, and pr
˚
2 : Perf – Y ÝÑ Perf –pX ˆ Y q
For any perfect complex E¨ on the product X ˆk Y we can define a bimodule SE¨ by the rule
SE¨pB,Aq – HomPerf –pXˆY qppr
˚
1A, pr
˚
2B b Eq, where A P Perf –X, B P Perf – Y.
This is exactly the quasi-equivalence between the DG category Perf –pXˆY q and the DG category
of perfect Perf – Y -Perf –X –bimodules, i.e. perfect DG modules over Perf – Y ˝ bk Perf –X.
Let M Ă Perf –X and N Ă Perf – Y be admissible subcategories, where X and Y are
smooth projective schemes over k. Consider the induced DG subcategories M Ă Perf –X and
N Ă Perf – Y and the induced DG functor F : N ˝ b M Ñ Perf – Y ˝ b Perf –X that is fully
faithful. This DG functor gives the extension quasi-functor
F˚ : Perf –pN ˝ bM q ÝÑ Perf –pX ˆ Y q
that is fully faithful on the homotopy categories by Proposition 2.7. In more detail, for any pair
of admissible subcategories M Ă Perf –X and N Ă Perf – Y we can define a full triangulated
subcategory M b N of the category Perf –pX ˆ Y q as the minimal triangulated subcategory
of Perf –pX ˆ Y q closed under taking direct summands and containing all objects of the form
pr˚1 M b pr
˚
2 N with M P M and N P N . Denote by M b N Ă Perf –pX ˆ Y q the induced
enhancement of M b N .
It is easy to see that Perf –pN ˝bM q is quasi-equivalent to M b N because Perf –pN ˝bM q
and M b N are classically generated by ObpN ˝ bM q.
Being admissible subcategories in DG categories of perfect complexes on smooth and proper
schemes, the DG categories M and N are smooth and proper (see Theorem 3.25 for smooth-
ness and Proposition 3.20 for properness). By Theorem 3.18 there is a quasi-equivalence
RHompM ˝, Perf – kq – M .
Therefore, applying the canonical quasi-equivalence (2) we obtain that
RHompN bk M
˝, Perf – kq – RHompN ,RHompM ˝, Perf – kqq – RHompN , M q.
Let us summarize what we have.
Proposition 4.2. Let X and Y be two smooth projective schemes and M Ă Perf –X and
N Ă Perf – Y be full DG subcategories such that the subcategories M “ H0pM q and N “ H0pN q
are admissible in Perf –X and Perf – Y, respectively. In this case there are quasi-equivalences of
DG categories
RHompN , M q – Perf –pN ˝ bk M q – M b N Ă Perf –pX ˆk Y q,
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where M b N is a full DG subcategory of Perf –pX ˆ Y q that is classically generated by objects
of the form pr˚1 M b pr
˚
2 N with M PM and N P N .
We are interested in smooth (or regular) and proper noncommutative scheme Perf – E . Smooth
and proper geometric noncommutative schemes naturally appear as induced enhancements of admis-
sible subcategories N Ă Perf –X for some smooth and projective scheme X.
Definition 4.3. A noncommutative scheme Perf – E (see Definition 3.3) will be called a geometric
noncommutative scheme if there are a smooth and projective scheme X and an admissible sub-
category N Ă Perf –X such that Perf – E is quasi-equivalent to the corresponding enhancement
N Ă Perf –X of N .
We can consider a 2-category of smooth and proper noncommutative schemes NSchprsm over a
field k. Objects of NSchprsm are DG categories A of the form Perf – E , where E is a smooth
and proper DG algebra; 1-morphisms are quasi-functors T; 2-morphisms are morphisms of quasi-
functors, i.e. morphisms in DpA opbBq. The 2-category NSchprsm has a natural full 2-subcategory
of geometric noncommutative schemes GNSch. Evidently, GNSch contains all smooth and proper
commutative schemes with Perf –pXˆY q as category of morphisms between X and Y. The natural
question that arises is following.
Question 4.4. Is there a smooth and proper noncommutative scheme that is not geometric?
The first attempt to find such a noncommutative scheme is to glue geometric noncommutative
schemes via a bimodule. Another way is to consider a finite dimensional k–algebra Λ of finite
global dimension and take the DG category Perf – Λ.
The main goal of this paper is to show that these two approaches do not lead us to new noncom-
mutative schemes. We show that the world of geometric noncommutative schemes is closed under
gluing via any perfect bimodule. More precisely, consider smooth and proper geometric noncommu-
tative schemes Perf – E1 and Perf – E2 such that Perf – Ei is quasi-equivalent to Ni Ă Perf –Xi,
where Xi are smooth and projective and Ni “ H
0pNiq are admissible in Perf –Xi, respectively.
After that we take a gluing Perf – E1 i
S
Perf – E2 via a perfect bimodule S and show that the
resulting noncommutative scheme is geometric too (see Theorem 4.15).
Remark 4.5. We work with smooth and projective schemes. On the other hand, over a field of
characteristic 0 the category of perfect complexes on any smooth and proper scheme can be realized
as an admissible subcategory in a smooth and projective scheme. Indeed, by Chow’s Lemma for a
proper scheme X there is a proper birational morphism f : Y Ñ X from a projective scheme Y.
Now applying Hironaka hut for resolution of the birational map X 99K Y, we can find a proper
scheme Z with birational maps to X and Y such that the morphism π : Z Ñ X is a sequence
of blowups with regular centers. This implies that Z is smooth and also projective because there is
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a proper birational morphism to the projective scheme Y. Finally, the inverse image functor Lπ˚
gives a full embedding of Perf –X into Perf –Z. Note that over the complex numbers C we can
apply a result of Moishezon asserting that any smooth and proper algebraic space over C becomes
a projective variety after some blowups along smooth centers.
We also show that for any finite dimensional k–algebra Λ such that its semisimple part S “ Λ{R
is separable over k there are a smooth and projective scheme X and a perfect complex E ¨ such
that RHompE ¨, E ¨q – Λ. This implies that for the finite dimensional algebra Λ the DG category
Perf – Λ is quasi-equivalent to a full DG subcategory of Perf –X and in the case of finite global
dimension the smooth and proper noncommutative scheme Perf – Λ is geometric (Theorem 5.3).
4.2. Perfect complexes as direct images of line bundles. Let X be a scheme and E ¨ be a
strict perfect complex, i.e. a bounded complex of algebraic vector bundles (locally free sheaves of
finite type). In this section we show that any such a strict perfect complex E ¨ can be realized as a
direct image of a line bundle with respect to a smooth morphism Z Ñ X.
Proposition 4.6. Let X be a scheme. Let E ¨ “ tE0 Ñ ¨ ¨ ¨ Ñ Eku be a bounded complex of
algebraic vector bundles on X. Then there are a scheme Z with a morphism f : Z Ñ X and a
line bundle L on Z such that
1) Rf˚L – E
¨ in the derived category DpQcohXq;
2) Rf˚L
´1 – 0;
3) the morphism f : Z Ñ X is a composition of maps Z “ Xn Ñ Xn´1 Ñ ¨ ¨ ¨ Ñ X0 “ X,
where each Xp`1 is the projectivization of a vector bundle Fp over Xp.
Proof. First, we should note that the following construction does not work for the 0–complex and
for a complex E ¨ that is a line bundle. However, it can be easily improved. In such cases we change
E ¨ to a quasi-isomorphic complex by adding an acyclic complex of the form F
id
Ñ F .
Now we will prove the proposition by induction on the length of the complex E ¨. If E ¨ has only
one term and it is a vector bundle E (of rank ą 1 ), then we take the line bundle L “ Op1q on the
projective bundle f : PpE_q Ñ X. As result we obtain that Rf˚L “ f˚L – E and Rf˚L
´1 “ 0.
Assume that E ¨ “ tE0
d
ÝÑ E1u is a complex of vector bundles that has only two nontrivial terms
in degree 0 and 1. Taking f1 : X1 “ PpE
1_q Ñ X and L1 “ Op1q we obtain that Rf1˚L – E
1
as described above. Now let X2 “ X1ˆP
1 and f2 is the projection on X. Take L2 “ L1bOp´2q.
It is easy to see that Rpr1˚ L2 has only one nontrivial term R
1 pr1˚ L2 that is isomorphic to L1.
Hence Rf2˚L2 – E
1r´1s. Thus we obtain a sequence of isomorphisms
Ext1X2pf
˚
2 E
0,L2q – Ext
1
X1
pf˚1 E
0,Rpr1˚ L2q – HomX1pf
˚
1 E
0,L1q – HomXpE
0,Rf1˚L1q –
HomXpE
0, E1q.
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Under this isomorphism the differential d induces an element e P Ext1pf˚2 E
0,L2q. Let us consider
the extension
0 ÝÑ L2 ÝÑ F ÝÑ f
˚
2 E
0 ÝÑ 0
given by the element e. Applying the functor Rf2˚ to this short exact sequence we obtain an exact
triangle of the form
Rf2˚F ÝÑ E
0 αÝÑ Rf2˚L2r1s.
By construction, Rf2˚L2r1s – E
1 and α “ d. Therefore, Rf2˚F is isomorphic to the complex E
¨.
Finally, we consider Z “ PpF_q with the natural morphism f to X and L “ OPpF_qp1q. We get
that Rf˚L – E
¨. Since the rank of F is bigger than one, it is also evident that Rf˚L
´1 “ 0.
The same trick works for any complex of vector bundles
E “ tE0
d
ÝÑ E1 ÝÑ ¨ ¨ ¨ ÝÑ Eku.
Indeed, consider the stupid truncation σě1E ¨. By induction we can assume that there is fn´1 :
Xn´1 Ñ X and Ln´1 on Xn´1 such that Rfpn´1q˚ – σ
ě1E ¨r1s.
Now repeat the procedure described above. Let Xn “ Xn´1 ˆ P
1 and fn be the projection on
X. Take Ln “ pr
˚
1 Ln´1 b Op´2q. We have Rfn˚Ln – σ
ě1E ¨. There is an isomorphisms
Ext1pf˚nE
0,Lnq – Ext
1pE0,Rfn˚Lnq – HompE
0, σě1E1r1sq
Under this isomorphism the differential d : E0 Ñ σ
ě1E1r1s induces an element e P Ext1pf˚nE
0,Lnq.
Let us consider the extension
0 ÝÑ Ln ÝÑ F ÝÑ f
˚
nE
0 ÝÑ 0
given by the element e. Applying the functor Rfn˚ to this short sequence we obtain an exact
triangle of the form
Rfn˚F ÝÑ E
0 αÝÑ Rfn˚Lnr1s.
By construction, Rfn˚L2r1s – σ
ě1E1r1s and α “ d. Therefore, Rfn˚F is isomorphic to the
complex E ¨. Finally, we consider Z “ PpF_q with the natural morphism f to X and L “ Op1q.
We get that Rf˚L – E
¨. By construction, the scheme f : Z Ñ X is a sequence of projective bundles.
Moreover, we have Rf˚L
´1 “ 0, because the rank of F is bigger than one and Rp˚L
´1 “ 0, where
p is the projection of Z “ PpF_q to Xn. l
Remark 4.7. Assume that a quasi-compact and separated scheme X has enough locally free
sheaves, i.e. for any quasi-coherent sheaf of finite type F there is an algebraic vector bundle E on
X and an epimorphism E ։ F . In this case, any perfect complex is quasi-isomorphic to a strict
perfect complex (see [TT, 2.3.1]) and, hence, Proposition 4.6 can be applied to any perfect complex
up to a shift in the triangulated category. Note that any quasi-projective scheme and any separated
regular noetherian scheme have enough locally free sheaves.
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4.3. Blowups and gluing of smooth projective schemes. Let X1 and X2 be two smooth
irreducible projective schemes. Let E ¨ be a perfect complex on the product X1 ˆ X2. Since Xi
are projective any perfect complex on X1 ˆX2 is globally (not only locally) quasi-isomorphic to a
strictly perfect complex, i.e. a bounded complex of locally free sheaves of finite type (see, e.g. [TT,
2.3.1]). A strictly perfect complex will be also called a bounded complex of vector bundles.
Applying a shift in the triangulated category we can assume that E ¨ P Perf –pX1 ˆ X2q is a
complex of the form tE0ÑE1 Ñ ¨ ¨ ¨ Ñ Eku. By Proposition 4.6 there is a scheme Z with a
morphism f : Z Ñ X1 ˆX2 and a line bundle L on Z such that Rf˚L – E
¨. Let us fix such Z
and f. By the construction of Z, since X1 and X2 are smooth projective the scheme Z is also
smooth and projective and the morphism f is smooth.
Denote by q1 and q2 the canonical morphisms from Z to X1 and X2 respectively. Fix
very ample line bundles M1 and M2 on X1 and X2 respectively. Using Serre’s theorem we
can find a very ample line bundle L1 on Z such that the three line bundles L1 “ q
˚
1M
´1
1 b L
1,
L2 “ q
˚
2M
´1
2 b L
1 and L3 “ L
´1 b L1 are very ample as well.
Denote by s1, s2, s3 the closed immersions of Z to projective spaces P
n1 ,Pn2 ,Pn3 induced by
L1,L2, and L3 respectively. The product map i1 “ pq1, s1, s3q gives a closed immersion of Z to
the projective scheme P1 “ X1ˆP
n1ˆPn3. Similarly, we obtain a closed immersion i2 “ pq2, s2, s3q
of Z to P2 “ X2 ˆ P
n2 ˆ Pn3 . It directly follows from construction that there are isomorphisms
(6)
i˚1pM1 b Op1q b Op´1qq – i
˚
2pM2 b Op1q b Op´1qq – L,
i˚1pM1 b Op1q b Op1qq – i
˚
2pM2 b Op1q b Op1qq – L
1 b L3
Consider these two closed immersions i1 : Z Ñ P1 and i2 : Z Ñ P2. It is known that the gluing
P1
Ů
Z P2 of P1 and P2 along Z is a scheme ([Sc, 3.9] or [Fe, 5.4]). It has two irreducible
components that meet along Z. Denote this gluing by T. The scheme T is a pushout (fibred
coproduct) in the category of schemes. In our case we also can argue that the scheme T is projective.
Lemma 4.8. The scheme T “ P1
Ů
Z P2 is projective.
Proof. Consider very ample line bundles M1 b Op1q b Op1q and M2 b Op1q b Op1q on P1 and
P2. Since their restrictions on Z are isomorphic to L
1 b L3 we can glue them into a line bundle
N on T. It follows from [EGA3, 2.6.2] that N is ample on T (see also [Fe, 6.3]). l
Consider a closed immersion j : T ãÑ PN to a projective space PN . Denote by j1, j2 the induced
closed immersions of P1, P2 to P
N . Consider the blowup V 1 of PN along P1. Take the strict
transform rP2 of P2 in V 1. It is the blowup of P2 along the subvariety Z. Denote by V the
blowup of V 1 along rP2. This construction can be illustrated by the following diagram (7)
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rE1
ρ

 
re1
// V
pi

E2?
_
e2
oo
h2

D
g

 
d1
// E1
h1

 
e1
// V 1
pi1

rP2
τ

? _
rj2
oo D
g

? _
d2
oo
Z
 
i1
//
q1   ❅
❅❅
❅❅
❅❅
❅
P1
p1

 
j1
// P
N P2
p2

? _
j2
oo Z?
_
i2
oo
q2~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
X1 X2
(7)
where h1 : E1 Ñ P1 is the exceptional divisor of the first blowup, g : D Ñ Z is the exceptional
divisor of the induced blowup τ : rP2 Ñ P2, rE1 is the strict transformation of the divisor E1 under
the second blowup, and h2 : E2 Ñ rP2 is the exceptional divisor of the second blowup.
Since we started from smooth projective schemes X1 and X2, we obtain smooth and projective
schemes Z, P1 and P2. A blowup of a smooth projective scheme along a smooth closed subscheme
brings to a smooth and projective scheme (see, e.g. [Li, Th.8.1.19]). Thus, we obtain
Lemma 4.9. All schemes in diagram (7) are projective and smooth.
Now let us analyze morphisms in our diagram (7) and functors induced by them.
Proposition 4.10. In the diagram (7) the following properties of morphisms hold:
1) the morphisms g, h1, h2, p1, p2 are projectivizations of vector bundles, and the functors
g˚, h˚1 , h
˚
2 , p
˚
1 , p
˚
2 are fully faithful;
2) the morphisms π1, π, τ, ρ are blowups along smooth centers, and the exact functors Lπ1˚,
Lπ˚, Lτ˚, and Lρ˚ are fully faithful;
3) functors of the form Rd2˚pKb g
˚p´qq, Re1˚pKb h
˚
1p´qq, Re2˚pKb h
˚
2p´qq, where K is a
line bundle on D,E1, E2, respectively, are fully faithful;
4) the functors Rd2˚,Re1˚,Re2˚ have right adjoints d
5
2, e
5
1, e
5
2 and there are isomorphisms
d52 – Ld
˚
2pOpDq b p´qqr´1s, e
5
1 – Le
˚
1pOpE1q b p´qqr´1s, e
5
2 – Le
˚
2pOpE2q b p´qqr´1s.
Proof. 1) and 2) follow from the construction and the projection formula, because the derived direct
image of the structure sheaf under each of these morphisms is isomorphic to the structure sheaf of
a target. 3) is proved in [Or1, 4.2] or [Or2, 2.2.7]. 4) follows from the fact that for any closed
immersion i of locally a complete intersection Z to Y the right adjoint i5 to Ri˚ has the form
Li˚p¨q b ωZ{Y r´rs, where ωZ{Y – Λ
rNZ{Y and r is the codimension. l
Theorem 4.11. Let X1 and X2 be smooth irreducible projective schemes and let E
¨ be a perfect
complex on the product X1ˆX2. Let V be a smooth projective scheme constructed above. Then the
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DG category Perf –X1 i
E ¨
Perf –X2 is quasi-equivalent to a full DG subcategory of Perf – V and,
hence, the triangulated category H0pPerf –X1 i
E ¨
Perf –X2q is admissible in Perf – V.
Consider the DG categories Perf –X1 and Perf –X2 and the following composition quasi-
functors
(8) Φ :“ π˚e1˚pOE1pE1q b h
˚
1p
˚
1p´qq, and Ψ :“ e2˚h
˚
2τ
˚pp˚2p´q bRqr1s
from Perf –X1 and Perf –X2 to Perf – V respectively, where OE1pE1q is the restriction of the
line bundle OpE1q from V
1 to E1, and R –M2 b Op1qb Op´1q is a line bundle on P2. These
quasi-functors induce exact composition functors
(9) Φ :“ Lπ˚Re1˚pOE1pE1q b h
˚
1p
˚
1p´qq, and Ψ :“ Re2˚h
˚
2Lτ
˚pp˚2p´q bRqr1s
from the triangulated categories Perf –X1 and Perf –X2 to the triangulated category Perf – V.
Lemma 4.12. The functors Φ and Ψ are fully faithful and the subcategories ΦpPerf –X1q and
ΨpPerf –X2q are semi-orthogonal so that ΦpPerf –X1q is in the right orthogonal ΨpPerf –X2q
K.
Proof. The functors Φ and Ψ are fully faithful as compositions of fully faithful functors. It follows
from 1)-3) of Proposition 4.10.
Semi-orthogonality is a consequence of the fact that Lπ˚pPerf – V 1q is in the right orthogonal
Re2˚h
˚
2pPerf –
rP2qK. The last statement follows from the chain of isomorphisms
HompRe2˚h
˚
2B, Lπ
˚Aq – Homph˚2B, e
5
2Lπ
˚Aq – Homph˚2B, Le
˚
2Lπ
˚AbOE2pE2qq –
Homph˚2B, h
˚
2L
rj˚2AbOE2pE2qq – HompB, Lrj˚2AbRh2˚OE2pE2qq “ 0
where A P Perf – V 1, B P Perf – rP2. The last equality holds because OE2pE2q – OE2p´1q un-
der consideration of E2 as the projectivization of the normal bundle of rP2 in V 1, i.e. we have
Rh2˚OE2pE2q “ 0. l
Proposition 4.13. Let X1 and X2 be smooth projective schemes and let E
¨ be a perfect complex
on the product X1 ˆ X2. Let V be the smooth projective scheme constructed above and let Φ,Ψ
be exact functors defined by formula (9). Let F ¨ and G¨ be perfect complexes on X1 and X2,
respectively. Then there is an isomorphism
HomV pΦpF
¨q, ΨpG¨qq – HomX1ˆX2ppr
˚
1 F
¨, pr˚2 G
¨ b E ¨q,
where pri denote the projections of X1 ˆX2 on Xi.
Proof. Firstly, consider objects A P Perf – V 1 and B P Perf – rP2. There is a sequence of isomor-
phisms
(10) HomV pLπ
˚A, Re2˚h
˚
2Bq – HomV 1pA, Rπ˚Re2˚h
˚
2Bq –
HomV 1pA, Rrj2˚Rh2˚h˚2Bq – HomV 1pA, Rrj2˚Bq.
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Secondly, take A P Perf – P1 and B P Perf – P2. Consider the commutative square
(11) D 
 d2
//
d1

rP2
rj2

E1
 
e1
// V 1
that is a part of our main diagram (7). The commutative square (11) is cartesian. Moreover, it is
Tor-independent. This means that T orp
OV 1
pOE1 ,O rP2q “ 0 for all p ą 0. Therefore, by [SGA6, IV
3.1] or [TT, 2.5.6] there is a canonical base change isomorphism of functors
Le˚1R
rj2 „ÝÑ Rd1˚Ld˚2 .
Using this isomorphism of functors we obtain the following sequence of isomorphisms
HomV 1pRe1˚pOE1pE1q b h
˚
1Aq, Rrj2˚Lτ˚Bq – HomE1pOE1pE1q b h˚1A, e51Rrj2˚Lτ˚Bq –
HomE1ph
˚
1A, Le
˚
1R
rj2˚Lτ˚Br´1sq – HomE1ph˚1A, Rd1˚Ld˚2Lτ˚Br´1sq –
HomDpLd
˚
1h
˚
1A, Ld
˚
2Lτ
˚Br´1sq – HomDpg
˚Li˚1A, g
˚Li˚2Br´1sq – HomZpLi
˚
1A, Li
˚
2Br´1sq
(12)
Now combining (10) and (12), we obtain
HomV pΦpF
¨q, ΨpG¨qq – HomV 1pRe1˚pOE1pE1q b h
˚
1p
˚
1F
¨q, Rrj2˚Lτ˚pp˚2G¨ bRqr1sq –
HomZpLi
˚
1p
˚
1F
¨, Li˚2pp
˚
2G
¨ bRqq – HomZpq
˚
1F
¨, q˚2G
¨ b Lqq.
(13)
The last isomorphism is a consequence of the construction of P2 and the line bundle R on P2.
By (6) the restriction of R on Z coincides with the line bundle L.
Finally, we have qi “ pri ¨f for i “ 1, 2 and we know that Rf˚L – E
¨ by construction from
Proposition 4.6. This implies
(14) HomZpq
˚
1F
¨, q˚2G
¨ b Lqq – HomX1ˆX2ppr
˚
1 F
¨, pr˚2 G
¨ bRf˚Lqq –
HomX1ˆX2ppr
˚
1 F
¨, pr˚2 G
¨ b E ¨qq.
The isomorphisms (13) and (14) finish the proof of the proposition. l
Proof of Theorem 4.11. Let us consider the DG functors
Φ : Perf –X1 ÝÑ Perf – V, and Ψ : Perf –X2 ÝÑ Perf – V.
They induce a bimodule S determined by the following rule
(15) SpB,Aq – HomPerf – V pΦA, ΨBq, where A P Perf –X1, B P Perf –X2.
On the other hand, the calculations from Proposition 4.13 gives us that the bimodule S is quasi-
isomorphic to a bimodules SE ¨ given by the rule
SE ¨pB,Aq – HomPerf –pXˆY qppr
˚
1A, pr
˚
2B b E
¨q, where A P Perf –X1, B P Perf –X2.
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Take the pretriangulated DG subcategory C Ă Perf – V that is generated by the DG sub-
categories ΦpPerf –X1q and ΨpPerf –X2q. Lemma 4.12 implies that there is a semi-orthogonal
decomposition
H0pC q – xΦpPerf –X1q, ΨpPerf –X2qy.
Since Φ and Ψ are fully faithful, Propositions 3.8 and 3.11 give us that there are quasi-equivalences
C – ΦpPerf –X1q i
S
ΨpPerf –X2q – Perf –X1 i
E ¨
Perf –X2,
where S is the bimodule given by rule (15). By Theorem 3.25 the full DG subcategory C Ă Perf – V
is smooth and proper as a gluing of smooth and proper DG categories via the perfect bimodule S.
Hence H0pC q – H0pPerf –X1 i
E ¨
Perf –X2q is admissible in Perf – V. l
Remark 4.14. It is useful to take in account that the category Perf – V from Theorem 4.11 has a
semi-orthogonal decomposition of the form Perf – V “ xT1, . . . Tky such that each Ti is equivalent
to one of the four categories, namely Perf – k, Perf –X1, Perf –X2, and Perf –pX1ˆX2q. It follows
from the construction of V as a two-step blowup of a projective space PN along P1 and rP2. By
definition, P1 and P2 are projective bundles over X1 and X2 respectively and rP2 is the blowup
of P2 along Z, where Z is a sequence of projective bundles over X1 ˆX2.
4.4. Gluing of geometric noncommutative schemes. In this section we extend results from the
previous section to the case of geometric noncommutative schemes. Actually all these statements are
direct consequences of corresponding assertions for smooth and projective schemes.
Let Xi, i “ 1, . . . , n be smooth and projective schemes. Let Ni, i “ 1, . . . , n be small pretri-
angulated DG categories. Denote by Ni “ H
0pNiq the homotopy triangulated categories. Suppose
that for all i there are quasi-functors Fi : Ni Ñ Perf –Xi such that the induced exact functors
Fi : Ni Ñ Perf –Xi are fully faithful and have right and left adjoint functors. This means that Ni
are admissible subcategories in Perf –Xi with respect to the full embeddings given by Fi. This
conditions imply that Ni are geometric noncommutative schemes and, moreover, the DG categories
Ni are smooth and proper by Theorem 3.25.
Theorem 4.15. Let DG categories Ni, i “ 1, . . . , n and smooth projective schemes Xi, i “
1, . . . , n be as above. Let C be a proper pretriangulated DG category with full embeddings of DG
categories Ni Ă C such that C “ H
0pC q has a semi-orthogonal decomposition of the form C –
xN1,N2, . . . ,Nny, where Ni “ H
0pNiq. Then there are a smooth and projective scheme V and a
quasi-functor F : C Ñ Perf – V such that the induced functor F : C Ñ Perf – V is fully faithful
and has right and left adjoint functors, i.e. C is a geometric noncommutative scheme.
Proof. The case n “ 1 is evident. Consider the main case n “ 2. By Proposition 3.8 the DG
category C is quasi-equivalent to a gluing of N1 and N2 via a N2-N1 –bimodule S that is
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defined by the rule
SpB,Aq “ HomC pA,Bq, with A P N1 and B P N2.
Since C is proper the bimodule S is a DG functor from N2 bN
˝
1 to Perf – k and by Theorem
3.18 it is perfect, because Ni are smooth and proper. By Proposition 3.8 the DG category C is
quasi-equivalent to the gluing N1 i
S
N2. By Theorem 3.25 we obtain that C is smooth.
Consider quasi-functors Fi : Ni Ñ Perf –Xi. We know that Fi establish quasi-equivalences with
enhancements of admissible subcategories in Perf –Xi. By Theorem 4.1 the DG category of perfect
DG modules over Perf –X˝2bkPerf –X1 is equivalent to Perf –pX1ˆX2q. Thus the quasi-functors
Fi induce the extension and induction quasi-functors
pF1bF2q
˚ : Perf –pN ˝2 bN1q Ñ Perf –pX1ˆX2q, pF1bF2q˚ : Perf –pX1ˆX2q Ñ Perf –pN
˝
2 bN1q
and by Proposition 4.2 the extension functor induces a fully faithful functor between homotopy
categories. This implies that the bimodule S is quasi-isomorphic to a bimodule of the form pF1 b
F2q˚E
¨ for some perfect complex E ¨ on X1 ˆX2.
By Proposition 3.11 there is a quasi-functor
F1 i
φ
F2 : N1 i
S
N2 ÝÑ Perf –X1 i
E ¨
Perf –X2,
where φ is a quasi-isomorphism between S and pF1bF2q˚E
¨. Since the functors Fi : Ni Ñ Perf –Xi
are fully faithful, the induced functor
F1 i
φ
F2 : H
0pN1 i
S
N2q ÝÑ H
0pPerf –X1 i
E ¨
Perf –X2q
is fully faithful too by Proposition 3.11.
By Theorem 4.11 the DG category Perf –X1i
E ¨
Perf –X2 is quasi-equivalent to a full DG subcate-
gory of Perf – V for some smooth and projective scheme V. Consider the composition quasi-functor
F : C
„
ÝÑ N1 i
S
N2
F1i
φ
F2
ÝÝÝÝÑ Perf –X1 i
E ¨
Perf –X2 ÝÑ Perf – V.
It induces an exact functor C Ñ Perf – V that is fully faithful as a composition of fully faithful
functors. The DG category C is proper and it is smooth as a gluing of smooth DG categories via
a perfect DG bimodule. Smoothness implies regularity of C (see Proposition 3.24). Moreover, the
category C is idempotent complete, because Ni are idempotent complete as admissible subcate-
gories of Perf –Xi. Now, by Proposition 3.17 regularity and properness of C give that the image of
the fully faithful functor F is an admissible subcategory of Perf – V. Hence, F admits right and
left adjoint functors.
The general case n is done by induction. Denote by N 12 Ă C the left orthogonal to N1 and
denote by N 12 Ă C the full DG subcategory consisting of all objects from N
1
2. We have semi-
orthogonal decompositions N 12 “ xN2, . . . Nny and C “ xN1,N2y. By the induction hypothesis,
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there are a smooth and projective scheme V 1 and a quasi-functor F : N 12 Ñ Perf – V
1 such that
the induced functor F : N 12 Ñ Perf – V
1 is fully faithful and has right and left adjoint functors.
Now applying the proof for n “ 2 and the DG subcategories N1 and N
1
2 in C , we obtain the
statement of the theorem for C . 
Corollary 4.16. Let Y be a proper scheme over a field of characteristic 0. Then there are a smooth
projective scheme V and a quasi-functor F : Perf – Y Ñ Perf – V such that the induced functor
F : Perf – Y Ñ Perf – V is fully faithful.
Proof. It follows from the main theorem of [KL, Th.1.4] that Y has a so-called categori-
cal resolution. By the construction of this categorical resolution there is a quasi-functor from
G : Perf – Y Ñ D , where D is a gluing of DG categories of perfect complexes on smooth proper
schemes, and the induced functor G : Perf – Y Ñ D is fully faithful. Now as in Remark 4.5 over a
field of characteristic 0 for any smooth proper scheme there is a sequence of blowups with smooth
centers such that the resulting smooth scheme is projective. Hence D is a gluing of geometric non-
commutative schemes. By Theorem 4.15 there are a smooth projective V and a quasi-functor from
D to Perf – V which is fully faithful on homotopy categories. The composition of these quasi-
functors gives us a quasi-functor F : Perf – Y Ñ Perf – V that is also fully faithful on homotopy
categories. l
5. Application to finite algebras and exceptional collections
5.1. Finite dimensional algebras. Let Λ be a finite dimensional algebra over a base field k.
Denote by R the (Jacobson) radical of Λ. We know that Rn “ 0 for some n. Define the index
of nilpotency ipΛq of Λ as the smallest integer n such that Rn “ 0.
Let S be the quotient algebra Λ{R. It is semisimple and has only a finite number of simple non-
isomorphic modules. Denote by Mod–Λ and mod–Λ the abelian categories of all right modules
and finite right modules over Λ, respectively.
The following amazing result was proved by M. Auslander.
Theorem 5.1. [Au] Let Λ be a finite dimensional algebra of index n. Then the finite dimensional
algebra Γ “ Endp
Àn
p“1Λ{R
pq has the following properties:
1) gl.dim Γ ď n` 1;
2) there is a finite projective Γ–module P such that EndΓpP q – Λ.
Let us consider the bounded derived category of finite Γ–modules Dbpmod–Γq. Since Γ has
finite global dimension, Dbpmod–Γq is equivalent to the category of perfect complexes Perf – Γ.
Some variants of the following theorem are known (see. e.g. [KL]).
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Theorem 5.2. Let Λ be a finite dimensional algebra of index n and let Γ “ Endp
Àn
p“1Λ{R
pq.
The derived category Perf – Γ – Dbpmod–Γq has a semi-orthogonal decomposition of the form
Perf – Γ “ xN1, . . . ,Nny
such that each subcategory Ni is semisimple, i.e. Ni – xKiy, where Ki is semi-exceptional and
for all i the algebras EndΓpKiq are quotients of the semisimple algebra S “ Λ{R.
Proof. Denote by M the Λ–module
Àn
p“1Λ{R
p and by Ms the Λ–modules Λ{R
s, s “
1, . . . , n. Consider the functor HomΛpM,´q from the abelian category mod–Λ to the abelian
category mod–Γ. Denote by Ps the Γ–modules HomΛpM,Msq. They are projective Γ–modules
and Γ “
Àn
s“1 Ps.
By Gabriel-Popescu theorem, since M is a generator for Mod–Λ the functor HomΛpM,´q from
Mod–Λ to Mod–Γ is fully faithful. Thus, there are isomorphisms
HomΓpPi, Pjq – HomΛpMi,Mjq “ HomΛpΛ{R
i,Λ{Rjq for all 1 ď i, j ď n.
Moreover, we have HomΛpΛ{R
i,Λ{Rjq – Λ{Rj when i ě j. The canonical quotient morphisms
Λ{Ri Ñ Λ{Rj , when i ě j, induce morphisms φi,j : Pi Ñ Pj .
Let us consider φi,i´1 and the induced exact triangles
(16) Ki // Pi
φi,i´1
// Pi´1 // Kir1s, i “ 2, . . . n
in Perf – Γ. These triangles define objects Ki for i “ 2, . . . , n. We also set K1 “ P1.
Now, since Pi are projective and HomΓpPi, Pjq – Λ{R
j when i ě j, we have vanishing
(17) HomΓpKi, Pjrlsq “ 0, for all l when i ą j.
Using definition (16) of Ki we immediately obtain semi-orthogonality conditions
HomΓpKi,Kjrlsq “ 0, for all l when i ą j.
Finally, we have to compute RHomΓpKi,Kiq for all i. Exact triangles (16) give us that the vector
spaces HomΓpKi,Kirlsq are cohomology of the complexes
(18) HomΓpPi´1, Piq ÝÑ HomΓpPi, Piq
à
HomΓpPi´1, Pi´1q ÝÑ HomΓpPi, Pi´1q
that coincide with the complexes
HompΛ{Ri´1,Λ{Riq ÝÑ HompΛ{Ri,Λ{Riq
à
HompΛ{Ri´1,Λ{Ri´1q ÝÑ HompΛ{Ri,Λ{Ri´1q.
The morphism HompΛ{Ri´1,Λ{Ri´1q Ñ HompΛ{Ri,Λ{Ri´1q is an isomorphism and the morphism
HompΛ{Ri´1,Λ{Riq ÝÑ HompΛ{Ri,Λ{Riq is an injection. This implies that the complex (18) has
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only zero cohomology. Therefore,
HomΓpKi,Kirlsq “ 0, for all l ‰ 0 and all i “ 1, . . . , n.
Denote by Si the algebra of endomorphisms EndΓpKiq, where i “ 1, . . . , n. We know that S1 “
EndΓ P1 – EndΛpΛ{Rq “ S is semisimple.
Let a P Si be an element. It can be presented by a pair of morphisms pai, ai´1q included in
commutative diagram
Pi
φi,i´1
ÝÝÝÝÑ Pi´1
ai
§§đ §§đai´1
Pi
φi,i´1
ÝÝÝÝÑ Pi´1
The vanishing conditions (17) implies that the morphism ai´1 is uniquely determined by ai. Thus,
the element ai P HomΓpPi, Piq – Λ{R
i induces an endomorphism of Ki and we see that there is
a homomorphism of algebras Λ{Ri Ñ EndΓpKiq that is surjective. If now ai P EndpPiq “ Λ{R
i
belongs to R, then as an endomorphism of Λ{Ri it sends Ri´1 to zero. This implies that it is
induced by a morphism of Λ{Ri´1 to Λ{Ri. Thus, we obtain that the pair of morphisms pai, ai´1q
is induced by a morphism from Pi´1 to Pi if ai P R. This means that the algebra of endomorphisms
EndΓpKiq is a quotient of the semisimple algebra S “ Λ{R. Therefore, the algebras Si “ EndΓpKiq
are semisimple for all i “ 1, . . . , n too. As Pi, i “ 1, . . . , n generate the category Perf – Γ the
objects Ki, i “ 1, . . . , n generate Perf – Γ as well, and we obtain a semi-orthogonal decomposition
Perf – Γ “ xxK1y, ¨ ¨ ¨ , xKnyy,
where all Ki are semi-exceptional and Si “ EndΓpKiq are quotients of the algebra S “ Λ{R. l
Consider now the Γ–module Pn “ HomΛpM,Λq, where M “
Àn
p“1Λ{R
p. It is projective and
EndΓpPnq – Λ. This object gives us two functors
p´q bΛ Pn : Perf – ΛÑ Perf – Γ and HomΓpPn,´q : D
bpmod–Γq Ñ Dbpmod–Λq
The first functor is fully faithful while the second functor is a quotient. Since Γ has finite global
dimension there is an equivalence Perf – Γ – Dbpmod–Γq. Now if Λ also has finite global dimension,
then the second functor is right adjoint to the first one and the category Perf – Λ is right admissible
in Perf – Γ with respect to the full embedding p´q bΛ Pn.
Recall that a semisimple algebra S over a field k is called separable over k if it is a projective
S˝ bk S –module. It is well-known that a semisimple algebra S is separable if it is a direct sum of
simple algebras, the centers of which are separable extensions of k.
Theorem 5.3. Let Λ be a finite dimensional algebra over k. Assume that S “ Λ{R is a separable
k–algebra. Then there are a smooth projective scheme V and a perfect complex E ¨ such that
EndpE ¨q – Λ and HompE ¨, E ¨rlsq “ 0 for all l ‰ 0.
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Proof. As above, let Γ “ Endp
Àn
p“1Λ{R
pq. Consider the DG category Perf – Γ. By Theorem 5.2
the triangulated category Perf – Γ has a semi-exceptional collection pK1, . . . ,Knq and
Perf – Γ “ xN1, . . . ,Nny
where Ni “ xKiy is semisimple. Thus, for any i the object Ki is a direct sum of the formÀmi
j“1Kij , where Kij are completely orthogonal to each other for fixed i and different j. Moreover,
each EndΓpKijq is a simple algebra, i.e it is a matrix algebra over a division k–algebra Dij . By
assumption S is separable. Hence, all EndΓpKijq are separable as quotients of S. Thus we obtain
that the centers kij of all Dij are separable extensions of k.
Now as in Example 1.17 we can consider a Severi-Brauer variety SBpDijq that is a smooth
projective scheme over kij and over k too, because kij Ą k is a finite separable extension. It
was mentioned in Example 1.17 that there is a vector bundle Eij on SBpDijq such that it is
w-exceptional and EndpEijq – Dij. This implies that each DG category Perf –Dij is a full DG
subcategory of the DG category Perf – SBpDijq, and SBpDijq is smooth and projective over k.
All categories Ni have complete orthogonal decompositions of the form Ni “ Ni1 ‘ ¨ ¨ ¨ ‘Nimi ,
where Nij “ xKijy are equivalent to Perf –Dij . These decompositions induce a semi-orthogonal
decomposition for Perf – Γ of the form
Perf – Γ “ xN11,N12, . . . ,N1m1 ,N21, . . . ,Nnmny.
Applying Theorem 4.15 we obtain that there are a smooth projective scheme V and a quasi-functor
from F : Perf – Γ Ñ Perf – V such that the homotopy functor F : Perf – Γ Ñ Perf – V is fully
faithful and establishes an equivalence with an admissible subcategory in Perf – V. Denote by E ¨
the perfect complex F pPnq, where Pn “ HomΛpM,Λq is a projective Γ–module. Since F is fully
faithful we have isomorphisms
HomV pE
¨, E ¨rlsq – HomΓpPn, Pnrlsq.
When l ‰ 0 it is 0, and it is isomorphic to the algebra Λ for l “ 0. l
Corollary 5.4. Let Λ be a finite dimensional algebra over k for which S “ Λ{R is separable
k–algebra. Then there is a smooth projective scheme V such that the DG category Perf – Λ is
quasi-equivalent to a full DG subcategory of Perf – V. Moreover, if Λ has finite global dimension,
then Perf – Λ is admissible in Perf – V.
Proof. By Theorem 5.3 there is a smooth projective scheme V and a perfect complex E ¨ such that
EndpE ¨q – Λ and HompE ¨, E ¨rlsq “ 0 for all l ‰ 0. Hence, the DG algebra HomPerf – V pE
¨, E ¨q is
quasi-isomorphic to the algebra Λ. Thus, by Proposition 2.7 there is a quasi-functor F : Perf – ΛÑ
Perf – V induced by the embedding of HomPerf – V pE
¨, E ¨q into Perf – V such that the homotopy
functor F : Perf – ΛÑ Perf – V is fully faithful. If Λ has finite global dimension, then the category
Perf – Λ is regular and proper. Hence it is admissible in Perf – V by Proposition 3.17. l
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Remark 5.5. Note that over a perfect field all semisimple algebras are separable. Thus, if k is
perfect, then results of this section apply to all finite dimensional algebras.
Remark 5.6. Theorem 5.3 tells us, in particular, that for any finite dimensional algebra Λ of finite
global dimension the category Perf – Λ can be embedded to a triangulated category with a full semi-
exceptional collection (actually, with w-exceptional collection). On the other hand, as was pointed
out to me by Theo Raedschelders there are finite dimensional algebras of finite global dimension for
which the category of perfect complexes does not have a full exceptional collection (actually, it does
not have any exceptional object). Such examples were discussed by Dieter Happel in [Ha]. This
gives a counterexample to Jordan-Ho¨lder property for triangulated categories of perfect complexes
on smooth projective schemes. More precisely, there are admissible subcategories T in Perf –X on
smooth projective variety X such that Perf –X has a full exceptional collection but T does not
have an exceptional object at all. Another example coming from a quiver was constructed by Alexei
Bondal and were discussed by Alexander Kuznetsov in [Ku] from geometric point of view.
5.2. Exceptional collections. In this section we describe a more useful procedure of constructing
a scheme that admits a full exceptional collection and contains as a subcollection an exceptional
collection given in advance.
Let A be a small smooth and proper pretriangulated DG category over a field k such that the
homotopy category H0pA q has a semi-orthogonal decomposition of the form
H0pA q “ xN , xEyy,
where N is a full admissible subcategory and E is an exceptional object, i.e. xEy – Perf – k.
Assume that the enhancement of N induced from A is quasi-equivalent to a full DG subcategory
N Ă Perf –X for a smooth and projective irreducible scheme X such that H ipX,OX q “ 0 for
all i ą 0, i.e. the structure sheaf OX is exceptional.
Remark 5.7. The assumption H ipX,OX q “ 0 for all i ą 0 is not restrictive. Indeed, for any
smooth and projective scheme we can consider a closed immersion into a projective space PN for
some large N. Take the blowup Z of PN along X. Then Perf –X is quasi-equivalent to a full
DG subcategory in Perf –Z and H ipZ,OZ q “ 0 for all i ą 0. Now we can take Z instead of X.
We have that N – H0pN q is an admissible subcategory in Perf –X. By Propositions 3.8 and
3.11 the DG category A is quasi-equivalent to a gluing of N and Perf – k via some N –module
S. Since Perf –X and N are saturated by Theorem 3.18, the DG module S can be represented
by a perfect complex S ¨ on X, i.e the DG pPerf –Xq–module Homp´, S ¨q after restriction of
N is quasi-isomorphic to the DG N –module S.
Shifting the complex S ¨ by rms for an appropriate m P Z we can suppose that
S ¨ – tS0 Ñ S1 Ñ ¨ ¨ ¨ Ñ Sku,
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where all Si are vector bundles on X.
By Proposition 4.6 there is a smooth morphism f : Z Ñ X and a line bundle L on Z such
that Rf˚L – S
¨ and Rf˚L
´1 “ 0. Moreover, the morphism f is a sequence of projective bundles.
Hence Rf˚OZ – OX and the inverse image functor f
˚ : Perf –X Ñ Perf –Z is fully faithful. Since
Rf˚L
´1 “ 0 we have
HomZpL, f
˚Aq – HomZpOZ , f
˚Ab L´1q – HomXpOX , AbRf˚L
´1q “ 0
for any A P Perf –X. Therefore f˚pPerf –Xq is in the right orthogonal xLyK.
Since OX is exceptional the structure sheaf OZ and any line bundle on Z are also exceptional.
Therefore, the admissible subcategory T Ă Perf –Z which is generated by f˚pN q and L has a
semi-orthogonal decomposition of the form T – xN ,Perf – ky, Denote by T enhancement of T
the induced from Perf –Z. By Propositions 3.8 and 3.11 the DG category T is quasi-equivalent
to A because both of them are quasi-equivalent to the gluing N i
S
Perf – k via S.
The procedure described above can be considered as an induction step in the proof of the following
theorem while the base case is the point Speck. Thus, we obtain.
Theorem 5.8. Let A be a small DG category over k such that the homotopy category H0pA q
has a full exceptional collection
H0pA q “ xE1, . . . , Eny.
Then there are a smooth projective scheme X and an exceptional collection of line bundles σ “
pL1, . . . ,Lnq on X such that the DG subcategory of Perf –X, generated by σ, is quasi-equivalent
to A . Moreover, X is a sequence of projective bundles and has a full exceptional collection.
Remark 5.9. The scheme X has a full exceptional collection as a sequence of projective bundles
(see [Or1]). Furthermore, it follows from construction that a full exceptional collection on X can
be chosen in a way that it contains the collection σ “ pL1, . . . ,Lnq as a subcollection.
5.3. Noncommutative projective planes. In this section we consider a particular case of non-
commutative projective planes, in sense of noncommutative deformations of the usual projective
plane, and present explicit embeddings of categories of perfect complexes on them to categories of
perfect complexes on smooth projective commutative schemes.
Noncommutative deformations of the projective plane have been described in [ATV]. The category
Perf – P2 has a full exceptional collection pO,Op1q,Op2qq. Note also that mirror symmetry relations
for noncommutative planes is described in [AKO].
Any deformation of the category Perf – P2 is a category with three ordered objects F0, F1, F2
and with three-dimensional spaces of homomorphisms from Fi to Fj when j ´ i “ 1 and a
six-dimensional vector space as Hom from F0 to F2. Any such category is determined by the
composition tensor µ : V bU Ñ W, where dimV “ dimU “ 3 and dimW “ 6. This map should
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be surjective. Denote by T the kernel of µ and by ν : T Ñ V b U. We will consider only the
nondegenerate (geometric) case, where the restrictions νu˚ : T Ñ V and νv˚ : T Ñ U have rank at
least two for all nonzero elements u˚ P U_ and v˚ P V _. The equations det νu˚ “ 0 and det νv˚ “
0 define closed subschemes ΓU Ă PpU
_q and ΓV Ă PpV
_q. Namely, up to projectivization the
set of points of ΓU (resp. ΓV ) consists of all u
˚ P U_ (resp. v˚ P V _ ) for which the rank of
νu˚ (resp. νv˚ ) is equal to 2. It is easy to see that the correspondence which associates the kernel
of the map ν_v˚ : U
_ Ñ T_ to a vector v˚ P V _ defines an isomorphism between ΓV and ΓU .
Moreover, under these circumstances ΓV is either the entire projective plane PpV
_q or a cubic in
PpV _q. If ΓV “ PpV
_q, then µ is isomorphic to the tensor V b V Ñ S2V, i.e. we get the usual
projective plane P2.
Thus, the non-trivial case is the situation, where ΓV is a cubic, which we will denote by E .
This curve comes equipped with two embeddings into the projective planes PpU_q and PpV _q
respectively; by restriction of Op1q these embeddings determine two line bundles L1 and L2 of
degree 3 on E , and it can be checked that L1 ‰ L2. This construction has an inverse:
Construction 5.10. The tensor µ can be reconstructed from the triple pE,L1,L2q. Namely, the
spaces U, V are isomorphic to H0pE,L1q and H
0pE,L2q respectively, and the tensor µ : V bU Ñ
W is nothing but the canonical map H0pE,L2q bH
0pE,L1q ÝÑ H
0pE,L2 b L1q.
Remark 5.11. Note that we can also consider a triple pE,L1,L2q such that L1 – L2. Then the
procedure described above produces a tensor with ΓV – PpV
_q, which defines the usual commutative
projective plane. In this case the tensor µ does not depend on the curve E. The details of these
constructions and statements can be found in [ATV].
Now let us see what our construction gives in the case of noncommutative planes. In some sense
we repeat the construction from the proof of Proposition 4.6 in this case. The subcategory generated
by pF0, F1q is a subcategory of pO,Op1qq on the usual P
2 “ PpU_q. Now we should glue to this
category the object F2. The projection of F2 on the subcategory generated by pF0, F1q can be
represented by the complex
(19) T bO
ν
ÝÑ V bOp1q
on P2. This complex is a resolution of the cokernel of this map. It is isomorphic to the sheaf
OEpL1 b L2q, where E is a curve of degree 3 on P
2, L1 is the restriction of Op1q on E, and
L2 is another line bundle of degree 3 on E.
At first, we take the projectivization of V bOp1q. We obtain PpU_qˆPpV _q and the line bundle
Op1, 1q on it. The direct image of this bundle on the first component is isomorphic to V bOp1q on
PpU_q. After that we consider Y “ PpU_q ˆ PpV _q ˆ P1 and the line bundle Op1, 1,´2q on it.
The morphism ν induces an element ǫ P Ext1Y pT bOY , Op1, 1,´2qq. Now we take a vector bundle
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F on Y that is extension
(20) 0 ÝÑ Op1, 1,´2q ÝÑ F ÝÑ T bOY ÝÑ 0.
Finally, we take Z “ PpFq and the line bundle L “ OZp1q . The direct image of L with respect
to the projection on PpU_q is isomorphic to the complex (19). Now, if we consider three line
bundles OZ , the pull back of Op1q from PpU
_q, and L “ OZp1q on Z, then it is an exceptional
collection on Z and the corresponding subcategory in Perf –Z, generated by them, is equivalent to
the category of perfect complexes on the noncommutative projective plane. Different noncommutative
projective planes correspond to the different vector bundles F that depend on the element ǫ.
Proposition 5.12. For any noncommutative deformation of the projective plane P2µ the DG cat-
egory Perf – P2µ is quasi-equivalent to a full DG subcategory of Perf –Z, where Z is the projec-
tivization of a 4-dimensional vector bundle F , defined as extension (20), over Y “ P2 ˆ P2 ˆ P1.
New results on realizations of the categories Perf – P2µ on noncommutative projective planes P
2
µ
as admissible subcategories of the categories on smooth projective varieties can be found in [Or3].
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